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Differential equation

Key Concepts
2
differential coefficient of dependent variable w.r.t independent variable i.ed—y, %,. ... etc is called differential
%ﬁg{gﬁiom An equation involving the independent variable x(say), d&pefident variable y(say) and the

Order of a differential equation is the order of the highest order derivative occurring in the differential
equation.

Degree of a differential equation is the degree of highest order derivative occurring in the differential
equation when the differential coefficients are made free from radicals, fractions and it is written as a
polynomial in differential coefficients.

3

2
e.g (3732/) + sin (Z—z) = 0 here order is 2 but this differential”equationican’t be written in the form of

polynomial in differential coefficient Hence its degree not defined.

Linear and Nonlinear Differential Equations: A differential equation in which the dependent
variable and its derivatives occur only in the first degree and are not multiplied together, is called a linear
differential equation otherwise it is non-linear.

“Formation of differential Equation™ To form a DE from a given equation in x and y containing
arbitrary constants (parameters) —

“Initial value problem(IVP) is one in which some initial-conditions are given to solve a DE”
1. Differentiate the given equation as many times as the-number of arbitrary constants involved in it.
2. Eliminate the arbitrary constant from the equations of y, y’, y’’ etc.

Solution of Differential Equations-

1. Variable separable form
2. Homogenous Equations
3. Linear Differential Equations

VARIABLE SEPARABLE FORM Ifin the equation, it is possible to get all terms containing x and dx to one
side and all the terms containing y and dy to the other, the variables are said to be separable,

Procedure to solve:

Consider the equation Z—i = X.Y, where X is a function of x only and Y is function of y only.

(1) Put the equation in the form %,dyZX.dx.
(11) Integrating both the sides we get
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J , =] Xdx + Cwhere Cis an arbitrary constant.

Fhus the required solution is obtained.

Homogeneous Differential Equations

A differential equation which can be expressed in the formz—z = f(x,y) or Z—;Zg(x,y) where, f (x, y) and g(x, y)

are homogenous functions of degree zero is called a homogeneous differential equation

Steps for Solving a Homogeneous Differential Equation

1. Rewrite the differential in homogeneous form

2. Make the substitution y = vx orx = vy where v is a variable.

3. Substitute to rewrite the differential equation in terms of v and x or v and y only

4. Follow the steps for solving separable differential equations.

5. Re-substitute v=y/x orv =x/y in the final solution.

Linear Differential Equation: A first-order linear differential equation can be written in the form% + Py =
Q)where P and Q are constants or function of X onlyor Z—; +Px = Qwhere P.and Q are constants or function of
y only.

IMPORTANT BOARD QUESTIONS

1. Solve the following differential equation:

r — = — y
1‘[1 + x3 +},1-.|. +xa}rd +x}r — =10

dx
Solution.\/l +x2+y2(1 +x2) = _Xy%
ydy o Vi4x?
f\/1+y2_ J x2 - xdx Imark
Letl +y?=u’& 1 +x>=v>
udu _ f P NGtk ViR SO f(1+ 1 )d
u 107 vZ—1 V= vz —1)%
u=-v- llog |v;1| te. 2marks
2 v+1

_ 7 1 Vitx2-1
J1+y2=—J/1+x 2log el T C Imark

2. Find the general solution of the differential equation

(x* + 1}% +2xy=Vxi+4

. dy (Zx) _ Vx?+4 oo dy _
Solutlon.dx 7)Y = or (compare it with ol Py =Q)
Imark
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IF = el P3x = oJ37a® = ploglx®+1|=x2+] Imark

Reqd sol is y(x*+1)=/ %.(xzﬂ)dx

sSy(x*+1)=/ Va2 + 4dx
y(x2+l)=§\/x2 + 4+ 2log|x +Vx2 + 4| +c. 2marks

3. Find the particular solution of differential equation: (x* — %) dx + 2 xydy = 0. Given that y = 1
when x =1

Solution:
(%7 =27 )d + 2xydy = 0

dy v -x

S &Y (1)

el 2xy

It is a homogeneous differential equation.
Let y=vx .(2)

d v+ ¥ -(3)

Substituting (2) and (3) in (1), we get:
ey _¥ixT Xt

Ty 2x(vx)

dv ¥ (1) v

ax 2vx” 2v
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Integratung botn S1des, we get:

2v f1)
j‘\—l_lfh’ = —ﬂ: | v

v+
102 vl + | —lﬂg 1-+ |Dgc
log vt IE: log
X
p: + | =
X
,1.'{1J: +'|} =
.

x[["’— | +E]—C

R )
_]-IE .| _1'1 =C_]l' ...{4}

It is given that when x =1, y =1
(D> (1)*=C (1)
>C=2

Thus, the required equation is y* + x> = 2x.

. . . dy 2
4. Solve the differential equation: xlog x — + y = —log x
dx X

Solution: This is a linear differential equation

LANNEENEY o B A )

dx xlog x x

I.F =e % ‘: log x T it e SN i (1)

2
y(logx)=/ = logxdx+C
d
y(logx) = 2logx [ S dx — [ | (logx). [ Zdx|dx ..o (1)

ylogo=—22%—~+c . (1)

X
5. Form the differential equation of the family of circles having centre on the y —axis and radius 3 units.

Solution: Equation of circle having centre(0,a) and radius is 3 units

x2+y2—2ay+a*—-9=0........... (D) {using (x-h)*+(y-k)>=r?}
e Differentiating: 2x + 2yy — 2ay =0
e GQGettinga = Xy

e Putting the value of a in (1) to get the answer

6. Find the general solution of the differential equation 2x2 £ -2xy+y?=0.
dx

Solution: Consider the equation 2x? & 2xy +y? =0
dx
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Lety=vx ; 2 =v+x2
dx dx
From (i), we get

2
v

d
v+xZ =vy-
dx 2

2
dv Vv
X =_
dx 2

Integrating both sides by separating the variable

72_1_10g|x|+c
v 2

X

S i=_ L log | x | + ¢ is the required solution.
y 2

7. Form the differential equation representing the parabolahaying vertex at the origin and axis along
positive direction of x-axis.

Solution: Given y?’=4ax e 1
2y i = 4qg 0 sssssesesessshctcsesscscscscscinn 1
dx
¥ & =2 A, $Z0O W 1
dx 4 x
v 2 2 which is the required differential equation. ~  ...... 1
dx 2x

8. Solvethe(x+3y?) 2_=y (y>0)

dx
Solution: Given differential equation is (x+3y?) v =y (y>0)
dx

. dx x + 3y : 1 dx -1
We can write as —=—""—"—=—+ + 3, > —+(—) x=3y
dy Y » dy y

This is a linear equation in the form

d. 1 .
2L +Px=Q where P=_- —and Qis 3+
dy y

1
1 S K A

<

Required solution is x x 17 = [0 x 17ty + ¢

9. Solve & _ v, 2.
dx

Solution: & _ >,

dx

1
-—dy

=>ej =e ie)y(x + e )céc
Integrating both sides, we get
:>J'evdy :J'(e‘+xz)dx
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5
X

=." = ¢+ —+ c,which is the required solution.
3

( ) [ x)
10. Solve 1+ ¢~ |dx+ev|1—_‘dy =0
| )I L 5

L )
(9 o,
Solution:wehavelu e’ }dx cel|1- —|a =0
L ) ( y)
x( x )
A7
dx - e ’ [ x)
== - :g(_( ........................................ 1
& B v
l+c‘

. . .. (x) ., . .
Here, RHS of differential equation is of the form ¢| —| , so it is a homogenous function of degree zero.
L)

(dx ) dv
Now we put x=vyand, | —|= v+ »
L) dy
dv —ev(l—v)
From I, we get v + » A ——
dy 1+ e
dv —ev(l—v) ((v_'_ev)\ 1+ e dy
y :—v—v:_| |$—vdv = —
dy 1+ e kl+e") *(V+€) y
On integrating both sides, we get
— log v+ e +logC:log|y|$logC:10g|y|+10g v+ e

= C:y(v + e‘,)

On substituting value of v, we get  + v © = ¢ , which is required solution.

HOTS
1.Sdwe (x —y)dk +2xdy —0, given that y — 1, vlen x = 1.

2
, 2
2. Write the order and degree of differential equation (%)3 = (y + %)2

3. Find the particular solution of differential equation

\

dy
| =0 .
)

T
2

—+ ycot x = 2x + x cot x, given that y| —

dx L2

4.Find the particular solution of differential equation,/1 — y2dx= (sin’'y-x)dy
5.Form the differential equation representing the family of ellipses having foci on x —axis and centre at origin.

2
2

d vy (dy )
+sin| — | =0

ax Ldx )

3
(d4’y

6.Write the order and degree of the differential equation

+

3

N—— —

L dy

Hints

dy x?-y% . . . . . . dy dv
1.—= = ———which is homogenous differential equation. Put y = vx =>—= v+x—
dx —-2xy dx dx
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solution.

*using given initial values, find the value of integrating constant C.

2. Order 2 and degree 4

3. Given equation is a linear differential equation. Compare it with % + Py = Q. We get P=cotx and Q=
2x+x%cotx,

IF = e/ pdx

General solution is y.IF= [ QIFdx + C

-1

dx sin v x
4.5

w o

Which is first order linear differential equation of the form il VR 0
dy

Find IF=.'""
General Solution be x.IF=| (¢ .z£9)ay + ¢

2 2
X

y
-+ =1
2 2

5.Equation of ellipse is

a

Now diff, it two times w.r.t X and eliminate a & b

6.0rder is 3 and degree not defined .
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