10. Differentiability

Exercise 10.1

1. Question

Show that f(x) = |x - 3| is continuous but not differentiable at x = 3.
Answer

f(x) = |x - 3|

Therefore we can write it as,

Flx) = {—(I—3),I <3

x—3,x=3
f(3)=3-3=0
LHL = lim f(x)
x—3
= LlEtljf(?) —h)
= LIE}]3— (3—h)
=lim 0
h—0
RHL = lim f(x)
x—3
= LlEtljf(?) + h)
=lim3 + -3
h=0
=0
LHL = RHL = f(3)
Since, f(x) is continuous at x = 3

(LHD at x = 3) = lim ﬂx] ﬂa]

x=3"

FE3-R)-f(3)
h_o— 3-h-3

a—(a—-h)-0
h—0~ —h

(RHD at x = 3) = 111311 fx)-f(3)
m

x—3

_ 1. fB+RI-F(3)
- hl_ug.n+ 2+ h-3

3 +h-3-0

(LHD at x = 3)=(RHD at x = 3)



Hence, f(x) is continuous but not differentiable at x = 3.

2. Question

-

Show that f(x) = l is not differentiable at x = 0.
X

Answer
For differentiability,

(LHD at x = 0) = lim L2
x—=0~ x—0

. flo-h)-f(0)
h—=0" 0—h-0

—2 —2
3

= LIE})(—I) a It
= Not defined

(RHD at x = 3) = lim %

x—=07

_ i fOFR-F©
h—0— 0+ h-0

=
=lim h
h—=0

= Not defined
Since, LHD and RHD does not exist at x = 0
Hence, f(x) is not differentiable at x =0

3. Question
J’lzx ~13. x <=3

Show that f{x )=
(x) llxz—

is differentiable at x = 3. Also, find f'(3).

A
¥
I\ £
L]

Answer
For differentiability,

LHD(at x = 3) = RHD (at x = 3)

(LHD at x = 3) = lim_&a(aJ

x—3 E



_ iy fER-F@)
h—0" 3-h-3

. [12(3—-h)-13]-[12(3)-13]

= lin

h—0~ —h

. 36—12h—13-36+ 13
= lim

h—0~ —-h
= lim 22"

h—0— —h
=12

(RHD at x = 3) = lim fe-f@)
x—-37

x—3

. f3+h)-f(3)
EEEL- 3I+h-3

lim [2(3 + h?) +5]-[12(3)}-13]
h—so T 3+ h-3

R 18 + 12h + 2h% + 5-36 + 13
= lim
h—o0* h

= lim 2h?® +12h
h—=0* k

h(2h+12)
h

=,
=12
Since, (LHD at x = 3) = (RHD at x = 3)
Hence, f(x) is differentiable at x = 3.
4. Question

Show that the function f defined as follows,
3x -2, 0<x=<3

2y —x., lex=2

f(x)=

35X —4, X>2

L.

Is continuous at x = 2, but not differentiable there at x = 2.
Answer

For continuity,

LHI(at x = 2) = RHL (at x = 2)
f(2) = 2(2)? - 2

=8-2=6

LHL = lim,._,- f(x)

= lim;_,-f(2—h)

= limy_,-[2(2— h)* = (2— R)]
=8-2

=6

RHL = lim,_, + f(x)



=lim;_q+ f(2 + h)

= lim;,_o,5(2 + h) — 4

=6

Since, LHL = RHL = f(2)

Hence, F(x) is continuous at x = 2
For differentiability,

LHD(at x = 2) = RHD (at x = 2)

(LHD at x = 2) = lim f) 1)
x—2~ 2

r—

= i £E=R=f@)
h—0 2-h-2

. [2(2-R)*-(2-R)]-[8-2]
==

. 8-8h+2h%*-h—6
lim———
h—0 —h

. 2h%*—6h
lim
h—=0 -—h

. h{(Zh—6
= lim h(zh6)
h—=0 -—h

= LIE}](G —2h)
=6

(RHD at x = 2) = lim fl)-1@)
x—271

x—2

h—0 2+ h-2

. 10 + 5h—4—6
=lim——
h—0

=5
Since, (RHD at x = 2)«(LHD at x = 2)

Hence, f(2) is not differentiable at x = 2.

5. Question

Discuss the continuity and differentiability of f(x) = |x| + |x - 1] in the interval ( - 1,2).

Answer

1.0=x=1

x+x+1,-1<x<0
f(x) =
—x—x+ 1,1<x<2

l,0=x=1

2x + 1,-1<x<0
f(x) =
—2x + 1,1<x<?2

We know that a polynomial and a constant function is continuous and differentiable every where. So, f(x) is
continuous and differentiable for x €( - 1,0) and x €(0,1) and (1,2).



We need to check continuity and differentiability at x = 0 and x = 1.
Continuity atx =0

lim,_o-f(x) = lim,_,-2x + 1 =1
lim,_ o+ f(x) = lim,_,+1=1
F(0)=1

lim, - f(x) = lim,_,+ f(x) = f(0)
Since, f(x) is continuous at x = 0
Continuity atx =1

lim,_,-f(x) = lim,_,-1=1
lim,_;+ f(x) = lim,_,+1=1

F(1) =1

log, o+ f(x) = log, o~ f(x) = 1
Since, f(x) is continuous at x = 1

For differentiability,

LHD(at x = 0) = RHD (at x = 0)

Differentiability at x = 0

(LHD at x = 0) = lim 72~/

x—0 E

x—=0"
=2
(RHD at x = 0) = lim /~/©

x-0t x-0
. 1-1

=Jdm
= lim >

x—0 x

=0

Since,(LHD at x = 0)=(RHD at x = 0)
So, f(x) is differentiable at x = 0.
For differentiability,

LHD(at x = 1) = RHD (at x = 1)

Differentiability at x = 1

x—1" x—1

. 1-1
= lim —
x—-1"x-1

=0



x—1t x-1

Since, f(x) is not differentiable at x = 1.
So, f(x) is continuous on ( - 1,2) but not differentiable at x =0, 1
6. Question

Find whether the following function is differentiable at x = 1land x= 2 or not:

Answer
Differentiability at x = 1
For differentiability,

LHD(atx=1) = RHD (atx =1)

(LHD at x = 1) = lim L2/
x—=1" x—=1
= lim —
r—1"x—1
=1
Fla)—F(1)

x—-1

(RHD at x = 1) = lim ————=
x—171

2—x—-1

= lim
xr—11t x-1

Since, (LHD at x = 1)=(RHD at x = 1)

So, f(x) is not differentiable at x =1
Differentiable at x = 2

(LHD at x = 2) = lim Z2/2
x—2" 2

r—

(RHD at x = 2) = liln M
x=27

x—=2



= ljm &002)
x—2t x—2

=-1
Since, (LHD at x = 2) = (RHD at x = 2)
So, f(x) is differentiable at x = 2.

7 A. Question

.

i
[x®sm| = |.x=0
Show that the function F(x) = 4 L X is
K X=0
Differentiable at x = 0, if m > 1.
Answer
e (1)
f(x) = [;t sin (x),x =0
0,x =0
(LHD at x = 0) = lim [&=/©
x—0— x-0
s fLO—R)=Fi0)
- hhﬂ}l- (0—h)-0
- im (0—h)™sin(=-)-0
h—0~ —h
. 1
= lim (—h]msm(—HJ—O
h—0" —h
— 1i _pym=1gioe 1
= hlilal_( h) sin( h)
— 1i Y m—1 .3 1
= hlLItI]]_ (—h) sm(h)
=0*k[when-1= K < 1]
(RHD at x = 0) = lim f)-1(0)
x-0tT x-0
_ i flo+R)-F(0)
- ;}l‘&h (0 + h)—0
. 1
= lim R sm(ﬁ)—o
h—0t h
— 1 m—1 gy _
= hE1§1+ (h) sm(h) =0
Since, (LHD at x = 0) = (RHD at x = 0)
Hence, f(x) is differentiable at x =0
7 B. Question
i Iy
[x®sm| = |.x=0
Show that the function F(x) = 4 L X is
K X=0

Continuous but not differentiable at x = 0, if 0<m<1.

Answer



LHL = lilg_f[x)
= Luﬁl}]f(o —h)
. Meiny L
= LIE}](—PI) sin( h)
. R §
= LlE}}—(—h) sm(h)
=0x k[when—1 < k < 1]
=0
RHL = lim, f(x)
= Luﬁl}]f(o + h)
. S |
= LIE}](U + h) sm(m)
. 1
= LIE}]UI) sm(h)
=0xk[when—1 < k'= 1]
=0
LHL = RHL = f(0)

Since, f(x) is continuous at x = 0

For Differentiability at x = 0

(LHD at X = O) = III]L%

x—0
e flo-R)—f(@)
= im0

= lim & ) ein(3)
h—0"

= Tim —(—hy"—1 ginft
—hlilal_ (—h) sm(h)

Not Defined [since 0<m<1]

(RHD at x = 0) = lim [&=@
x-0t x-0
h—0t (0+h)-0

_ .. hm sin(%)
= lim
h—sot 0+h-0

. _ . 1
Jim, ()™ tsin(})
=0
Since, (LHD at x = 0)=(RHD at x = 0)

Hence, f(x) is continuous at x = 0 but not differentiable.

7 C. Question



-

_ ' X" sin
Show that the function F(x) = : L X

|0 X=0

{

X=0
is

Neither continuous and nor differentiable, if m=<0.

Answer
LHL = lim f(x)
x—=0"
= Luﬁl}]f(o —h)
= lim(—h)"sin(—=
= LIE}]( m)™sin( h)
= Not defined, as m <0
RHL = xl_i.131+ f(x)
= LlEtljf(O + h)
=Ti ——
= Llﬂé(h) sm(h)
= Not Defined, asm =< 0

Since, LHL and RHL are not Defined ,So f(x) is not continuous.

Letx=0form=0

Now,

(LHD at x = 0) = lim &0(0]

x—0" X

L fO-R=f ()
_hhﬂ}l- (0-h)-0

—h

. (0-h)™sin(=)-0
lim ———
h—=0"— —h

1
. (~h)™sin|-=]-0
= lim —( )
h—=0~ —h

; _Jym—1 43 _E
hlilal_( h) sin( h)

= Tim —(—hy"1ginf
—hll}tljl_ (—h) sm(h)

Not Defined ,asm < 0

(RHD at x = 0) = lim f)-1(0)
x—-07

x—0

\ f(0o+R)-f(0)
hllI§1+ (0 + h)-0

m 1

. el sl
Jim, (h) tsin(})

Not Defined , asm =< 0



Hence, f(x) is not differentiable at x =0 for m < 0

8. Question
Find the values of a and b so that the function

f(x)z{xz +3x +ax<1
bx + 2,x>1

is differentiable at each x € R.
Answer

For differentiability at x = 1,
LHD(at x = 1) = RHD(at x = 1)

(LHD atx =1) = 111111_M
e

x—1

= i £8P -F )
h—0 1-h—1

[(1-h)% +3(1-h) + a]-[1 + 3 + ]

= lim

h—0 -h
= lim RE-Sh

h—0 -—h
=-5

(RHD at x = 1) = lim, 7272
x—=1% 1

r—

— g L)
h—0 1+h-1

= lim [B(1 + h) +2]-[b+ 2]
h—0 k

h—=0 —h

Since, f(x) is differentiable , So
(LHD atx=1) = (RHD atx = 1)
5=b

F(1)=1+3+a

=4+a
LHL = lilgllf(x)
= LlEtljf(l—h)
= Lincly(l_h)E +3(1—-h) +a
=lim4 + a
h=0
RHL =xl_i.1}1+ f(x)
= LlEtljf(l + h)

=Li£1}]b(1 +b) +2



=b+2
9. Question

Show that the function
" 2x - 3|[x].20

F(x) =<  (TIx
15111[—} X<0

-

a—

Is continuous but not differentiable at x = 1.

Answer

(2x —3)[x].=

o
R

Fix) =4—(2x—3),1=<x
. Mxy
sin (?),1 <1
For continuity at x =1
F(1) =-(2(1)-3)=1

LHL = xl_l.I}Lf(I)

= LlEtljf(l—h)

e m(1-h)
—LIE}} sm(—2 )

= sin —
2
=1
RHL = xl_i.1}1+ f(x)
= LlEtljf(l + h)
= LIE}]—(Z(I + 1) —3)
=-1(-1)
=1
LHL = RHL = f(1)
So, f(x) is continuous at x =1
For differentiability at x = 1

(LHD at x = 1) = liln %

x—=1"

FO-R)-f1)
1

- LE}] 1-h—

. fm(1—-h)
sin -1
lim 7( 2 )
h—0 —h

T
gsin| —=h |-1
= i G
h—0 —h

cos(Eh]—l

= lim —3%—

h—o  -=
4



=0

(RHD at x = 1) = lim, [
x=1%t  x-1
h—0 1+h-1

= lim -[2(1+ R)-2]-1
h—0

—2-2h +3-1

lim
h—=0

- Im5

=-2

(LHD at x = 1)+(RHD at x = 1)

Hence, f(x) is continuous but not differentiable at x = 1.

10. Question

ax?—b Ciffx|<1

If f(x)=1 1 ‘ is differentiable at x = 1, find a and b.
— X[ =1
x|

Answer

L lx] < -1
__’L x —
2 if
f(x) = Jax*—b,—-1<x <1
1
. lxl =1
|x]

LHL = liIIll_f(I)
= LlEtljf(l —h)

= li —m2—
_LIE}]G’,(I h)*—b

a-b
RHL = xl_i.l}-lJr fi(x)

= Lil]}]f(l + h)

Since, f(x) is continuous ,so
LHL = RHL
a-b=1----()

x—1" -1

X

= i LR =F )
h—=0 1-h—-1



. a{1-h)*-b-1
h—0 -h

. a{1-h)*—({a—-1)-1
= Jjj 28 —le—1)—1
h—0 —h

Using equation (i)

a+ah®—2ah-a+1-1

= lim
h—0 —h

= LIE};(Z‘I —ah)
2a

(RHD at x = 1) = lim &{(”

x—1t  x—

h—0 1+h-1

= lim 2"
" h=o (1 +h)h

lim —
h—=ol+h

=-1
Since f(x) is differentiable at x = 1,
(LHDatx =1) = (RHD atx = 1)

2a=-1

11. Question

Find the values of a and b, if the function f(x) defined by

f(x):JX- +3xXx+a. X
l X+2 X

|4

1
1

AV

is differentiable at x = 1.

Answer



Let us find left hand and right-hand derivative of the function f(x).
LHDat(x=1)

(LHD at x = 1) = lim f)-fa)
x—1"

x—1

= i £
h—-0 1-h-1

(1-h)%+3 (1-k}+a —[1%+3.1+a]

lim

h—0 1-h-1
= lim oSk

h—=0 —h
=5

Now let us find Right-hand Derivative of f(x).
(RHDatx=1)

(RHD at x = 1) = lim fl)-fi1)
x—1t  x-1

h—0 1+h-1

b{1+h}+2-b-2
h—0 1+h-1

= lim bh
h—0 hk

=b

Derivative at (x = 1) = lim £22=f@)
x—1 x-1

. x24+3x+a-1-3-a
=|lim———
xr—1 x—1

. X tax—x—4
= lim————
x—=1 X

= Lﬂl +4

=5

Now by definition of differentiability,
L.H.D = R.H.D = Derivative at that point
Therefore,5=b =5

So, a can have any value and b = 5.
Exercise 10.2

1. Question

If fis defined by f (x) = x2, find f * (2).
Answer

We are given with a polynomial function f(x) = x2, and we have to find whether it is derivable at x = 2 or not,

so by using the formula, f ‘(c) = lim M, we get,

X—=C X—C

f(2) = lim f—f(2)

x—2 X



22

f(2) = lim~
x—2 X—2
f'(2) = lim—':er 2)(2)
x—=2 X—

[using a2~ b? = (a + b)(a - b)]
f'(2) =limyox+2=4
Hence, the function is differentiable at x = 2 and its derivative equals to 4.

2. Question

If f is defined by f (x) = x2 - 4x + 7, show that f'(5) = jf'[ _]

S

Answer

We are given with a polynomial function f(x) = x2 - 4x + 7, and we have to f ‘(x) it's value at

x =5 and x =§' so by using the formula, f ‘(c) = lim —f':‘] f(c)

X—C

we get,

f(5) = 1111M

x—5 xX—5

—4x + 7—(52—4x5+7)

f(5) = lim~ —
x—=3 X—o
f4(5) = lim = —==2

x—5 xX—5

f1(5) = lim 282 163)

x—5 X—5
f'(5) =limy,s (x+ 1) =6
Hence to function is differentiable at x = 5 and has value 6 .

£GI—F()

f() = lim—==
7

%% —dx + ?—[(%]2—@(% +7]

o7 .
f (E) = lim 7

K—=— -
= 2

x2 —dx + T—[(Z)2—dxe + 7]
1 2 2

7
X—
K=

= 2

7
x% —dx +-
f'(-) = 11111¥"
7 x—t
x—= o
. (2x—1)(2%x-T7)
‘ "? _—_—
f (E) = LI_I.]% 2(2x-7)
4
(2x—-1)
Q) =lim=—=3
-

Therefore f ‘(5) = 2f '(g) =6,

Hence, proved.



3. Question

Show that the derivative of the function f given by f (x) = 2x3 - 9x2 + 12x + 9, at x = 1 and x = 2 are equal.
Answer

We are given with a polynomial function f(x) = 2x3 - 9x2 + 12x + 9, and we have to find f ‘(x) at x = 1 and x

= 2, so by using the formula, f ‘(c) = lim f(x]:f(c]

XK—C X—C

, we get,

f(1) = lim fG—fQ1)

x—=1 x-1

2x®—ox® + 12x + 9—-[2(1)%-9(1)% + 12(1) + 9]

f(1) = lim
x—=1 x—1
-3 _ gl (—5
f ,(1) — 111_112}. 9x + 12x

x—=1 x—-1

- 2Tk 45
fA(1) = Jjp A2 Tx ) D(2x-7x+3)
x—=1 x-1

f(1) = limy,; 2x2-7x+5=10

for x = 2, we get,

f(2) =lim feo-f@)

x—=2 X2

£(2) = lim 2x?—ox® + 12x + 9-[2(2)2-9(2)® + 12(2) + 9]

x—2 x—2

, . 2x%—o9x%?® +12x—4
f(2) = lim———

x—2 x—2

. rz_s_.
f(2) = lim—':k 2)(2x” 5x +2)
x—=2 x-2

f(2) = limy,5 2x2-5x+2 =0

Hence they are equalatx =1l and x = 2.

4. Question

If for the function ® (x) = Ax? + 7x - 4, ®’ (5) = 97, find A.
Answer

We have to find the value of A given in the real function and we are given with the differentiability of the
function f(x) = Ax2 + 7x - 4 at x = 5 which is f “(5) = 97, so we will adopt the same process but with a little
variation.

So by using the formula, f ‘(c) = limM

K= X—C

, we get,

f‘(5) = lim fe0-f(5)

x—35 X3

-2 —4—[A(5)2 5)—
f,(s) — ].iI]ll\ + Tx—4—[A(5)" + 7(5)—4]

Xx—=5 x—5

Ax® + Tx—4—[A(5)% + 7(5)-4]

f*(5) = lim -
x—5 X—23

2+ Tx-35-25

f(5) = linl?._\ + 7x—35-254

x—5 X—23

as the limit has some finite value, then there must be the formation of some indeterminate form Iikeg,f, SO

if we put the limit value, then the numerator will also be zero as the denominator, but there must be a factor
(x - 5) in the numerator, so that this form disappears.



£1(5) = lim (x—S](}'._*:-i-S?ﬁ'?]

x—5 x—5
f(5) = limy,5 AX + 5A + 7 = 97
f(5)=10A+7 =97

10A =90

A=9

5. Question

If f (x) = x3 + 7x? + 8x - 9, find f * (4).
Answer

We are given with a polynomial function f(x) = x3 + 7x2 + 8x - 9, and we have to find whether it is derivable

at x = 4 or not, so by using the formula, f ‘(c) = lim w we get,
X—=C T
f(4) = lim )
Xx—=4d  X—
-3 2 e OTAa3 z —
f(4) = lilll'\ + 7x* + 8x—9—[47 + 7(4)* + 8(4)-9]

x—sd x—4

e 2 - 5
f(4) = lim (x—4)(x* + 11x + 52)
x—=d4 x—4

f(4) = limyq X2 + 11x + 52

f(4) =112.

6. Question

Find the derivative of the function f defined by f (x) = mx + cat x = 0.
Answer

We are given with a polynomial function f(x) = mx + ¢, and we have to find whether it is derivable at x = 0 or

not, so by using the formula, f ‘(c) = limM
X—C

X—C

, we get,

£4(0) = lim &1
x—=0 X0

£(0) = lim mx + c—[m(0) + ¢]
x—0 x—0

mx + c—¢

f(0) = lim

x—0 X-—
f(0) =limy,om=m

This is the derivative of a function at x = 0, and also this is the derivative of this function at every value of x.
Which you can check also by simply derivating the f(x) function and putting the value of x afterwards.

7. Question

Examine the differentiability of the function f defined by

"ZX—S Jif —3=x <2
f(x)=4x+1 .if -2=x=0

L(—Z Jf 0=x=1
Answer

To find whether the function f(x) is derivable at a point x = ¢ we have to check that f ‘(c~) = f ‘(c T ) = finite



quantity, this condition must be fulfilled in order the function to be derivable.

As discussed above the top of this document where the description of the topic is given.

"ZX—S if —3=x <2
f(x)=4x+1 .if -2=x=0
}‘x—i Jf 0=x=1

To prove the first two functions of f(x) to be derivable we must take the point x = - 2, around this point we will prove the derivability
of this sub - functions because this point is common in them both.

So by using the formula, f ‘(c) = lim——— fx ] f( )

X—C

, we get,

f'(-27)=lim——— £ ()

K= X—C

‘ N 18 2x+3-(-2+1)
Fi(-27) = lim ——=

value of f(c) = - 1 because when we put exact value of x = ¢ then we have to take the second sub function
because it is only defined when x = - 2.

2x+ 4

=2

f'(-2")= lim

x—»—2" X+2
if the limit would not have been simplified to a number before putting the limit then we would put x =-2 - h,

o+ = T x+1-(-2 +1)
F-27) = lm, —=5

f(-2%)= lim

Therefore the function is not differentiable at x = - 2.

if the limit would not have been simplified to a number before putting the limit, then we would put x = -2 +
h.

Now we have to find the derivability at point x = 0, because at this point or near it, the next two sub-
functions are defined and hence, we get,

A - Xx+1-(0+2)
fo7) = \1.11_11 x—{0)
e lim R o fm <
f (O ) - }_-1.11_%— x—{0) KLIE%_ X

putting x = 0 - h,

lim h+1
= — = 0
h—=0 h

x+2-(0+2)

+
f(0 )— 1111 —(0)

f(0+)_ 1111 E=1

as we can see that the value around a point is not the same, so we will say that the function is not derivable
at x = 0.

At the end we conclude that at x = 0 and x = - 2 function is non differentiable.
8. Question

Write an example of a function which is everywhere continuous but fails to be differentiable exactly at five
points.

Answer



As we know that polynomial functions are always continuous and differentiable, we also know that the point
of derivability is a sharp corner or a stop on the on going curve.

Hence f(x) = |x| is a function which is non-derivable at a point which is the sharp corner, at that point, there
are more than one slopes possible due to this it is non-derivable but the modulus function is always
continuous.

So a function which is non derivable at exactly 5 points and continuous always is,

f(x) = |[x-1| + |x-2] + |x-3| + |x-4| + |x-5]

this can be done by drawing the graph of the function or by algebraic method also.

We can choose any value along with x in the modulus function as we only need the points.

To draw the graph, we will solve the function by taking some points or intervals to open the modulus one by
one.

9. Question
Discuss the continuity and differentiability of f (x) = |log |x] |.
Answer

We have to find the differentiability and the continuity of the function which we will do by considering both
graphical and algebraic methods.

Now f(x) = |log|x| |, as we know that log x function is continuous in its domain and hence it is also
derivable, but after we introduce modulus function, there might be the formation of sharp corners as the
graph’s direction changes to its mirror reflection.

The graph of the function is,

b

Now we observe the two red dots which are sharp end corners due to mirror image formation because of
outer modulus function due to which we observe that the function is non-derivable and there are two curves
due to inner modulus function which does not connect and hence the function is not continuous.

We can also prove this question by the algebraic method by reducing the function to a much simpler form,
which is,

logx,forx>1

i) = {—logx,fc-r 0<x<1

log(—x),forx< —1

{—log(—x), for-1<x<0

Therefore this is the resolved function which is to be used to prove that weather this function is continuous
and derivable or not.

10. Question
Discuss the continuity and differentiability of f (x) = e X,
Answer

We have to find the differentiability and the continuity of the function which we will do by considering both
graphical and algebraic methods.



Now f(x) = e|x|, as we know that log x function is continuous in its domain and hence it is also derivable, but
after we introduce modulus function, there might be the formation of sharp corners as the graph’s direction
changes to its mirror reflection.

The graph of the function is,

y = el

As we know that,

f(x) = e|X|, so by opening the modulus function by limiting the domain we get,

e farx =0
f(x) = .
(x) {e‘x,forx‘i 0

We can put equality to any one of the two sub-functions.

Now we need to find the continuity around the point x = 0 because it is the common point between the two
sub-functions, now the condition for the continuity to be there-there must be the satisfaction of the one
condition which is,

LHL=RHL=f(x=0c)

Which can further be elaborated as, at x = ¢
lim f(x) = lim f(x) = f(c) = finite quantity,
X—=C X—=C

LHL = lime™
x—=0"

Putx=0-h
_. h_
=limet =1

R.H.L. = lim e*
0+

K—

Putx=0+h
—. h—
=limet =1

fix=0)=e=e"X=1

Hence the function is a continuous function because it satisfies the required condition of continuity.
Now we have to check the function for derivability.

For which the condition is,

L.H.D. = R.H.D. = finite quantity.



The rule for derivability.
So by using the formula,

f‘(c) =lim f(ﬂ f(c]

X—C

, we get,

f(0°) = lim f(“i fo

x—=0

x_
f0°) = lim =
x—=0" -

putx =0-h,
h_
f0°)=lim=—t=-1
h—=o0 -h

This above is for the L.H.D.

Now we are doing for the R.H.D.,

fot)= lim, &1

x—=07T x—

put x =0 + h,

FO+)=lmo=1
h—=0 h
As we can see that L.H.D. # R.H.D.,
Hence we will say that this function is not derivable but it is continuous.
11. Question
Discuss the continuity and differentiability of

1 |
. XZcC
X—c

J(x —C) cos

f(x)=-

| 0 . X=¢
Answer
To find weather the function f(x) is derivable at a point x = ¢ we have to check that

f‘(c”)=f‘(ct) = finite quantity, this condition must be fulfilled in order the function to be derivable.
As discussed above the top of this document where the description of the topic is given.
The given function is,

J(x —¢) Cos

f(x) :l

1 |
—— . x=zc
X—c

0 . X=¢
and we have to find weather it is derivable at x = c or not, so by using the formula,

f(c) = lim 222 — f( ) we get,

X—C

L.H.D. is given by,

f(c™)=1lim

X—=co

f(x’ fx)—f(c)
—c



f'(c™) = Y11_21_ cos(ﬁ)

putx =c-h,
f'(c™) = LIEE' cos[c_h_c)

f(c™) = limy cos()

as the angle of cos is going to infinity, so it’s limit will oscillate between - 1 and 1, i.e. within the range of cos

R.H.D. is given by,

frct) = lim 2O
x—cT X—C

1
f'(c + ) = liII'1+ (J‘_C]COS(_H_ ;:]_0
x—cC X—c

‘ =+ — 13 1
fte ) = fimcos( 75

f'(ct) = limpso cos(l—ll)

as the angle of cos e is going to infinity, so it’s limit will oscillate between - 1 and 1 i.e. within the range of
cos e.

As the results are also not equal to finite quantity, so hence the function is non-derivable.
Now we have to check the function for the continuity,

For a function to be continuous it should follow one condition fully, which is,

L.H.L = R.H.L. = f(x = ¢), at any point x = c.

Which can be further elaborated as,

lim f(x) = lim () = f(x = ©)

Now we have to find L.H.L.,

f(c)= Jlij}:l_ (x— c)cos(ﬁ)

putx = c-h,

)

f(c ™) = limp,p (c-h-c)cos(

c—h-c
f(c™) = limnsg ( - h)cos(%)

As the cose function’s angle is approaching to infinity so it's value will be any between-1to 1 anditis
multiplied by h which is approaching to zero, so the whole limit will approach to zero.

f(c7)=0

Now we have to find R.H.L.,
+) = i — 2
f(c™)= }(1_1.1:};r (x c)cos(x_c)

putx =c+ h,

P _ 1
f(c )—EE}](C + h c)cos(Hh_c)

f(c*) = limpo (h)cos()



As the cose function’s angle is approaching to infinity so it’s value will be any between -1 to 1 and itis
multiplied by h which is approaching to zero, so the whole limit will approach to zero.

f(ct)=0

Hence asthe LH.L=RH.L. =f(x=c¢c)=0

So our function is continuous but is non derivable.

12. Question

Is |sin x| differentiable? What about cos |x|?

Answer

To find weather the function f(x) is derivable at a point x = ¢ we have to check that
f‘(c)=f‘(c*) = finite quantity, this condition must be fulfilled in order the function to be derivable.
As discussed above the top of this document where description of the topic is given.
The given function is,

f(x) = |sin x|,

To find weather the function is derivable or not we can either make graph of the function and look for pointed
edges, not smooth edges, where there are multiple slopes present which makes the function non derivable.

The graph of the function sin x is,
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The graph of |sin x| is,

~2r -x O ® 2m 3n "X

As you can see at every integral multiple of m there is a pointed turn which shows multiple slopes at one
point which makes the function non derivable.

We can also solve the problem by algebraic method, which is,

F(x) = { sinx,for0<x=m
—sinx,form<x < 2n

this is the resolved function with which we can solve by using limits method.
f (x) = cos|x|,

To find weather the function is derivable or not we can either make graph of the function and look for pointed
edges, not smooth edges, where there are multiple slopes present which makes the function non derivable.

The graph of the cos x is,

U= cosx
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As we know the property of cos x which is cos( - x) = cosx which means that weather there is modulus with
the angle of cose or not there is no difference.

Hence the curve do not have any sharp points, so it is derivable hence cos x is differentiable everyhere so
| cos x| is also differentiable everywhere.

We can also prove by algebraic method by taking a general angle ‘x” and prove for it .

Very short answer

1. Question

Define differentiability of a function at a point.
Answer

Let f(x) be a real valued function defined on an open interval (a, b) and let c € (a, b), then f(x) is said to be
differentiable at x = c iff

lim 2= exists finitely or f'(c) = lim fx)-f(e)

x—c X—C x—c X—C

2. Question

Is every differentiable function continuous?

Answer

Yes, if a function is differentiable at a point then it is necessarily continuous at that point.
Let f(x) be a function differentiable at x = c.

Then,

lim £)—f(c)

K—=C X—C

exists finitely

Let f'(c) = lim - Z(C]

K—=C X—

To prove that f(x) is continuous at x = ¢, it is sufficient to show that Li_l}gf[x) = f(c)
limf(x) = [1jm [w]( —c)]+f(c)

Lif}éf(x) = LiE] [L‘:()]hm(x— c) +f(c)

Li_l.léf(x) =f({c) x 0 +f(c)

limf(x) = f(c)

x—c

Hence, f(x) is continuous at x = c.

3. Question

Is every continuous function differentiable?

Answer

No, a function may be continuous at a point but not differentiable at that point.
For example,

Function f(x)=|x| is continuous at x = 0 but not differentiable at x =0.

4. Question

Give an example of a function which is continuous but not differentiable at a point.

Answer



Consider the function f(x) = |x| where

—¥XX = 0}

f(x) = {x,x>0

This function is continuous at x = 0 but not differentiable at x = 0.
LHL at x =0,

3‘11.1(1]1_f(x) = %E}]f(o —h)= EE(I) —(0—-h)=20

RHL at x =0,

3.;11.%1+f(x) = %Etl}f(o +h) = EEE'(O +h)=0

And f(0)=0

Hence, f(x) is continuous at x =0.

LHD at x =0,
" f(x)— f(0) _1 flo—h) — f(0)
<0~ x—0 5 0-h-0
0—h)—(0
=lin1w=—l
h=0D —h
RHD at x =0,
f(x)—f(0) _1 flo+h)—f(0)
w0t x—0 b0 0+h-0
__(0+h)—(0)
=lim———=1
h—0 h
" LHD #RHD

- f(x) is not differentiable at x =0.

5. Question

If f(x) is differentiable at x = c, then write the value of m £(x),

Answer

Given that f(x) is differentiable at x = c,

Then,
limw exists finitely
or f'(c) = lim f(xi:i(c]
f(x) —f(c
limf(x) = [lim [%] (x —c)] +f(c)

limf(x) = lim

X—=C X—=C

Lii]éf(x) =f'(c) x 0+ f(c)
Lii]éf(x) =f(c)
6. Question

If f(x) = |x - 2| write whether f' (2) exists or not.



Answer

Given that f(x) = |x - 2| where

2—xx=2
fx) = —2,X > 2}
LHD at x =2,
f(x)—1f(2) _y f(2—h)—f(2)
s x—2 b 2-h-2
_(2-h)—(2)
=lim——— = —
h—0 —h
RHD at x =2,
f(x)— f(2) _1 f(z+ h)—f(2)
o x—2 b 2+h-2
_(2+h)—(2)
=lim— =1
h—0 h
** LHD #RHD

- " (2) does not exists.

7. Question

Write the points where f(x) = |loge X| is not differentiable.
Answer

Given that f(x) = |loge X| where

f(x) = [—logex, 0<x< 1}

log.x, x=1
Clearly f(x) is differentiable for x>1 and x<1. So, we will check the differentiability at x = 1.
LHD at x =1,

oo fO (D) f(1—h) — £(1)
xi- x—1 B0 1-h-1

log(1—h) —logl

= lim

h—0 —h
RHD at x =1,
. f(x)— (1) _b f(1+h)—1f(1)
e x—1 »% 1+h-1
~ log(1+h)—log1
= lim =1
h=0 h
**LHD #RHD

-~ f(x) = |loge X| is not differentiable.

8. Question

Write the points of non-differentiability of f(x) = [log]|x||.
Answer

Given that the f(x) = |log|x|| where



—X,—o <x<—1

x| = —X—-1<x<0

N x,0<x<1
X,1l<x<o
log(—x),—0<x< -1
log(—x),-1<x<0

log|x| = 8~x)

logx,0<x<1
logx,1 <x <o

log(—x),—o <x< -1

) log(—=x),—1<x<0
lloglx|| = —logx,0<x<1
logx,1 < x< o

LHD at x =1,

L) f1-h) — D)
T x—1 R 1-n-1

log(1—h) —logl

=i ~h -1

RHD at x =1,

" f(X)—fﬁl)_l. f(1+h)—f(1)
o x—1 b0 1+h—1

~ log(1+h) —log1
= lim =1
h—0 h

“*LHD #RHD
So, function is not differentiable at x =1.
LHD at x =-1,

po fO D f1-h) —f(-1)
- Tx— (-1 B —1-h-(-1)

log(—1—h)—log(—-1)

=i —h -

RHD at x =-1,

" f(x) —f(-1) " f(—1+h) —f(—1)

el x—1 B (D) +h— (-1
~log(—1+h)—log(—1)

= lim =1
h—0 h

~*LHD #RHD

So, function is not differentiable at x =-1.

At x =0 function is not defined.

. Function is not differential at x = 0 and =1.
9. Question

Write the derivative of f(x) = x| at x = 0.
Answer

Given that f(x) = |x|? where



f(x) = {—xa,x < 0}

¥} x>0
LHD at x =0,

im —f(x) —f0) = lim —f(O L )
=0~ xX—0 h-0 0—h-—-0
ha
“im Ty =
RHD at x =0,
lim w = lim w
=0t xXx—0 h-0 0+h-—-0
ha

“an O
Also, f(0) = 0
= LHD at (x = 0) = RHD (at x = 0) = f(0)
=f(0)=0
10. Question
Write the number of points where f(x) = |x| + |x - 1| is continuous but not differentiable.
Answer

Given f(x) = |x|+|x - 1]

—x—(x—1),x<0
f(x)=9x—(x—1),0=x=1
X+x—1,x>1

—2x+1Lx<0
flx)=9 1,0=x<1

2Zx—1x>=1
For x<O,

f(x) = -2x+1 which being a polynomial function is continuous and differentiable.

For x € (0, 1),

f(x) = 1 which being a constant function is continuous and differentiable.

For 1<x,

f(x) = 2x - 1 which being a polynomial function is continuous and differentiable.

So, the possible points where function is continuous but not differentiable are 0 and 1.
LHD (at x = 0):

()~ (0) __f0—h)~f(0)
x0~ x—0 k0 0-h-0

—2(-h)+1—-(=2x0+1)

= lim

h—0 —h
RHD (at x =0):
im w = lim w
=0t xXx—0 h-0 0+h-0
1-1

=0

= lim
h—0



~*LHD #RHD

So, function is not differentiable at x =0.
Similarly,

LHD at x =1,

oo fO (D) f(1—h) — £(1)
xi- x—1 B0 1-h-1

_y 1-— 1_0

bt —h

RHD at x =1,

o f(x)—f(1) - f(1+h)—f(1)

lim = lim

-1t x—1 h-0 1+h-—1
C2(1+h)—-1-(2-1)

= lim =2
h=0D h

" LHD #RHD

So, function is not differentiable at x =1.

The number of points where f(x) = |x| + |x - 1] is continuous but not differentiable are two i.e. x =1 and x =
0.

11. Question

If fim —f(X) _ f(C)

exists finitely, write the value of !im f(x).
R=C X —C A—=C

Answer

limM exists finitely

K= X—C

Let f'(c) = lim ) ()

K—=C X—C

f(x) —f(c)
X—¢C

Lif}éf(x) = [LI_IE[ ](x —c)]+f(c)

limf(x) = 1151 [@] Li_l}g(x— c) +f(c)

X—=C X—=C

limf(x) = f'(c) x 0+ f(c)

X—=C

limf(x) = f(c)

X—=C

12. Question

Write the value of the derivative of f(x) = |[x - 1| + |[x - 3| at x = 2.
Answer

Given that f(x) = |x - 1] + |x - 3].

—(x—1)—-(x—3)x<1
flx)= {x— 1-(x—3),1=<x< 3]
X—1+x—3x>3

—2x+4,x<1
flx)=9 2,1 =x<3
2x—4,x>3

We check differentiability at x = 2,



LHD at x =2,

. f®)-f2) | f(2-h)-1f(2)
lim —=lim————

x=2~ X—2  h=0 2—h-2
2—2

= lim

h—0 —

=0

Hence, f'(2) =0

13. Question

If f(x) = /x> + 9, write the value of jim M

=t X —4
Answer
Given that f(x) = x2+9
Now, f(4) = 16 +9
=>f(4)=5
f(x) — f(4) B Vx24+9 —5
x—4  x—4
f(x) —f(4) x24+49 —5 +x24+9+5
= =
x—4 x—4 Vx2+9+5
f(x) — f(4) x*+9-25
=1 =
x—4 x—4(\Vx2+9+5)
f(x) — f(4) x*—16
=1 =
x—4 x—4(\Vx2+9+5)
f(x) — f(4) (x+4)(x—4)
= =
X—4  x—4(Vx2+9+5)
f(x) —f(4) (x+4)
=1 =
x—4 (VXZ+9 +5)
Taking limit x- 4,
i f(x) — f(4) i (x+4)
im,_,———=lim,_,———
<t ox—4 4 (VXxZ+ 9 +5)

(-4  (4+49)
Tt x-4 (J16+9+5)

= lim

. f(x)—f(4) 8

= lim,_,——=—

) Xx—4 10
f(x) — f(4
OEEONIR

=t x—4

MCQ

= lim

1. Question
Choose the correct answer.
Let f(x) = |x| and g(x) = |x3|, then

A. f(x) and g(x) both are continuous at x =0



B. f(x) and g(x) both are differentiable at x = 0

C. f(x) is differentiable but g(x) is not differentiable at x = 0
D. f(x) and g(x) both are not differentiable at x = 0
Answer

Given f(x) = |x| and g(x) = |%3|,

Py

f(x) = {
Checking differentiability and continuity,
LHL at x =0,

xlgy_f(x) = %Etl}f(o —h) = LIEE' —(0—h)=0
RHL at x =0,

3.;11.%1+f(x) = %Etl}f(o +h) = EEE'(O +h)=0
And f(0)=0

Hence, f(x) is continuous at x =0.

LHD at x =0,

f(x)—f(0) i flo—h) —f(0)
- x—0  h2 0-h-0

0—h)—1(0
= limw= -1
h—0 —h
RHD at x =0,
" f(x)— f(0) _1 flo+ h) — f(0)
0t x—0  n20 0+h-0
__(0+h)—(0)
=lim——=1
h=0D h
" LHD #RHD

- f(x) is not differentiable at x =0.

& x3 x>0

Checking differentiability and continuity,
LHL at x =0,

i = li - = 1j —_ —_ 3 =
Jim g(x) =lim g(0—h) = lim —(0—h)*=0
RHL at x =0,

j == i == j 3 ==
JEE;hg(X) = EE(I) g(0+h) %111#1(1][0 +h) 0
And g(0)=0
Hence, g(x) is continuous at x =0.

LHD at x =0,

) g(x) —g(0) _b g(0 —h) —g(0)
0

lin im
h=0 0—h-0

x—=0" X —




iy (0~ — (0)
=lim————=

h—0 h

RHD at x =0,

i 8 —8(0) _ . g(0+h) —g(0)

x=0t X—0  h=0 O04+h-—0
0+h)*—(0

=limu=0

h—0 h

v LHD = RHD

" g(x) is differentiable at x =0.
Hence, option A is correct.

2. Question

Choose the correct answer.

The function f(x) = sin"1(cos x) is
A. discontinuous at x = 0

B. continuous at x = 0

C. differentiable at x = 0

D. none of these

Answer

Given f(x) = sin"1(cos x),
Checking differentiability and continuity,

LHL at x =0,
lim f(x) = limf(0 — h) = lim sin"*(cos(0 — h)) = lim sin~*(cos(—h)) = sin"1 1 = I
x—0" h-0 h—0 h—0 2
RHL at x =0,
T
i p— i P i i _1 P i i _1 P i _1 —_ -
3.;11.%1+f(x) = %Etl}f(o +h) LIEE' sin™*(cos(0 + h)) LIEE' sin"*(cos(h)) =sin™t 1 >
T
And f((:') = ;
Hence, f(x) is continuous at x =0.

LHD at x =0,

f(x)—f(0) i flo—h) —f(0)
- x—0  h2 0-h-0

sin"2(cos(0 —h)) — (=
= lim (2) =1

h—0 —h
RHD at x =0,
" f(x)—f(0) _y flo+h)—f(0)
w0t x—0 b0 0+h-0

sin~*(cos(0 + h)) — (E)
= lim R
h—0 h

" LHD #RHD

.. f(x) is not differentiable at x =0.



Hence, option B is correct.

3. Question

Choose the correct answer.

The set of points where the function f(x) = x|x| is differentiable is
A. (-, )

B. (-, 0) U (0, =)

C. (0, x)

D. [0, =]

Answer

We have f(x) = x|x|

—x%2x<0
Where f(x)={ 0,x=0
x4,x>0

We have -x? and x2 which being polynomial functions are continuous and differentiable.

The only possible point of non-differentiability can be x =0.

LHD at x =0,
f(x)—f(0) _1 flo—h) —f(0)
«m0- X—0  h0 0—h-0
0—-h)?-1(0
=lin1u=0
h=0D —h
RHD at x =0,
¥ f(x)—f(0) _1 flo+h)—f(0)
co0t X—0 b0 0+h-0
0+h)?2—1(0
=lin1u=0
h=0D h

**LHD = RHD = f(0)

- f(x) is differentiable at x =0.

Hence f(x) is differentiable at (-«, ).
4. Question

Choose the correct answer.

| x+2|

tan”'(x+2) .then f(x) is

1 2 L xXx=-2

L8

If f(x)="

A. continuous at x = -2

B. not continuous at x = -2

C. differentiable at x = -2

D. continuous but bot derivable at x = -2

Answer



Jx+2] 9
Given that f(x) = [tan_l(x+2]’x * ]
2,x=-2
—(x+2)
— X <. —2
tan—1(x+ 2) X
= f(x) = Xx+2
¥,X > _2
tan—1(x+ 2)
2,x=-2

Checking the continuity at x = -2,
LHL:

—(—2—-—h+2 h
liI_I%_f(X) = Linaf(—z —h) = lim ( ) =

h—otan-1(—2—h+2) tan—1(=h) =-1

RHL:

. . . (—2+h+2) h
xln_zg)ff(x) = EE(])fl:—Z + h) = lim

== == 1
h—otan~i(—2+h+2) tan—i(h)

And f(-2)= 2

“" LHL # RHL =f(-2)

Hence, f(x) is not continuous at x =-2.

So, option B is correct.

5. Question

Choose the correct answer.

Let f(x) = (x + |x|) |x|. Then, for all x

A. f is continuous

B. f is differentiable for some x

C. f" is continuous

D. f"" is continuous

Answer

Given that f(x) = (x + |x|) |X|
(x—x)(—x),x<0

= f(x) = , 0,x=0 ]
(x+x)x),x>0

0,x<0
= f(x)=, 0,x=0 ]
2%x2, x>0

So, we can say that f(x) is continuous for all x.
Now, checking the differentiability at x =0
LHD at x =0,

lim f(x) — f(0) — lim f(0 — h) — f(0)

x=0- X—0  h-=0 O0—h-—0
¥ 0—(0)
~lm -

RHD at x =0,




) f(x) - f(0) . f(0+h) — f(0)

1.

L Erer
y 2h? — (0) ; 2h .

B e

" LHD = RHD

So, f(x) is differentiable for all x.
Hence, option A is correct.
6. Question
Choose the correct answer.
The function f(x) = e Xl is
A. continuous everywhere but not differentiable at x = 0
B. continuous and differentiable everywhere
C. not continuous at x = 0
D. none of these
Answer
Given that f(x) = e’
e, x <0
= f(x)={ 1,x=0 ]
e x>0
Checking continuity and differentiability at x = 0,
LHL:
3‘111(1]1_f(x) = H}}f{ﬂ —h)= lilﬁlft;h =1
RHL:
xll%lj(x) = Egtl}f(o +h) = Li%e‘h =1
And f(0)=1
" LHL = RHL = f(0)

f(x) is continuous at x = 0.

LHD at x =0,

" f(x) - f(0) . f(0—h) — f(0)
I
NGO
Sl

" LHD does not exist, so f(x) is not differentiable at x =0.
Hence, option A is correct.

7. Question

Choose the correct answer.

The function f(x) = |cos x| is

A. everywhere continuous and differentiable

B. everywhere continuous but not differentiable at (2n + 1) /2, neZ



C. neither continuous nor differentiable at (2n + 1) /2, neZ
D. none of these
Answer

Given that f(x) = |cos x|

From the graph it is evident that it is everywhere continuous but not differentiable at (2n + 1) n/2, neZ.
8. Question

Choose the correct answer.

If f(x)= |'1_ Hl _x2 _then f(x) is

A. continuous on [-1, 1] and differentiable on (-1, 1)

B. continuous on [-1, 1] and differentiable on (-1, 0) u¢ (0, 1)
C. continuous and differentiable on [-1, 1]

D. none of these

Answer

Given that g,y _ Ji—vVi—x2

So, the function will be defined for those values of x for which
1-x2 =0

»>x2=<1

= x| =1

=»-1=x=<1

. Function is continuous in [-1, 1].

Now, we will check the differentiability at x =0

LHD at x =0,
. f(X)—f(D)_l, f(0—h) — f(0)
<0~ x—0 5 0-h-0

Jl —y1—=(0—h)2— (0)
= lim =

h—0 —h

— G0

** LHD does not exist, so f(x) is not differentiable at x =0.
. f(x) is not differentiable at x =0.
Hence, option B is correct.

9. Question



Choose the correct answer.

If f(x) = a |sinx| + b el + ¢|x3] and if f(x) is differentiable at x = 0, then
Aa=b=c=0

B.a=0,b=0,ceR

C.b=c=0,aeR

D.c=0,a=0,beR

Answer

Given that f(x) = a |sinx| + b elXl + c|x3| and f(x) is differentiable at x = 0.

= LHD = RHD at x = 0.

" f(x) —f(0) " f(x) — £(0)
T T x—0 et x-0
0= =f0) _ f0+)~F(0)
“H% 0-h-0 »% O0+th-o0
- —asin(~h) +be®—ch®*—b _  asin(h) + be® +ch®—b
= lim = lim
h—0 0—h 0+h

h—=n

~acosh+be®+3ch? _ acosh+be® + 3ch?

= lim = lim
h—0 -1 1
h—0

By L'Hospital Rule,

= -(a+b) = a+b

=-2(a+b) =0

=>a+b=0

This is the value for all c € R.
Hence, option B is correct.
10. Question

Choose the correct answer.

. 7 X
If f(X)=X'—1 7T 2 T T -—thenatx =0, f(x)

A. has no limit
B. is discontinuous
C. in continuous but not differentiable

D. is differentiable

Answer
.2 x= x=
Given f(x) = x +t = PeaE .+
:\_‘,2
(1+x2)0

For x =0, x2 =0
=f(x) =0

For x= 0,



X2 + 1> x2

2

=0< <1

1+x2

2 XE

~ lim,_q f(x) = limx? +

1

~ lim_, f(x) = limx? (1 +

1
o lim,_, f(x) = lim{x? (1 —)}

1+x2

** Sum of infinite series wherer =
+x

2

X
)

1
; — Timn w2
= lim,_,f(x) = Lli]éx ( <2

= lim,_,f(x) = lintljlx2 +1
X—

= lim,_,f(x) = 1 = f(0)

So, f(x) is discontinuous at x =0.
11. Question

Choose the correct answer.

If f(x) = [loge X|, then

Af(lt)=1
B.f(17) =-1
C.f(1)=1
D.f(1)=-1
Answer

Given that f(x) = {_ logex,0 <x< 1}

log.x,x=1
Differentiability at x =1,
LHD at x =1,

" f(x)—f(1) i f(1—h) —f(1)
=t 1 &m0 1-h—1

x—1" X —
~ log1—-h
I
RHD at x =1,
. f(x)—f(l)_ll f(1+h)—1f(1)
e x—1 »% 1+h-1
los(1+h
=limM=l
h—0 h

So, f(1*)=1and f(17) = -1
12. Question

Choose the correct answer.

X
+ + o
1+x2 (1+x32)?

+ -
1+x? (1+x2)?

X?

b ———+ -
(1+x2)m

1

et ————+ -
(1+x2)°



f(x) = |loge |X]||, then

A. f(x) is continuous and differentiable for all x in its domain

B. f(x) is continuous for all for all x in its domain but bot differentiable at x = *1
C. f(x) is neither continuous nor differentiable at x = 1

D. none of these

Answer

Given that the f(x) = |log|x|| where

—X,—o0 <X < —1

x| = —X—-1<x<0
,L0<x<1
X1l<x<om

log(—x),—o0o <x<—1
log{—x),—1<x<0

log|x] = logx,0<x<1
logx,l<x <o
log(—x),—oo <x < -1
—log(—=x),—1<x<0
lloglx|| = { ~ECX)

—logx,0<x<1
logx,l<x< o

We can see that function is continuous for all x. Now, checking the points of non differentiability.
LHD at x =1,

o fO—f) (1) — (1)
SR Tx—1 5% 1-h-1

log(1—h) —logl

= lim

h—0 —h
RHD at x =1,
. f(x)— (1) _b f(1+h)—1f(1)
e x—1 »% 1+h-1
~ log(1+h)—log1
= lim =1
h=0 h
" LHD #RHD

So, function is not differentiable at x =1.

LHD at x =-1,

. fx)-f(-1)  f(-1-h)—f(-1)
L e D L R N G

log(—1—h)—log(-1)

=i ~h -
RHD at x =-1,
" f(x) —f(-1) " f(—1+h) —f(—1)
el x—1 B (D) +h— (-1
~log(—1+h)—log(—1)
= lim =1
h—0 h

~"LHD #RHD



So, function is not differentiable at x =-1.

At x =0 function is not defined.

. Function is not differential at x = 0 and =1.
Hence, option B is correct.

13. Question

Choose the correct answer.

1
‘ — for|x|=1

Let f(x)=! |x]| _If f(x) is continuous and differentiable at any point, then
L’ix3 +b for|x|<1
1 3
Aa=—.b=-=
2 2
1 3
B.a=—.b==
2 2

Ca=1lb=-1

D. none of these

Answer
_—:,xi -1
Given thatf(x) = {ax*+b,—1<x <1
E,X:_” 1
X

" f(x) is continuous and differentiable at any point, consider x =1.

. 5
lim— =limax<+b
®x—=1X

x—=1

=a+b=1
Also,

_ fx)—f(1) | f(x)—1f(1)
= lim —— = lim,———

x—=1" — x—=1T x—1

y ax®—a . 1—x
Tl x—1 lmx(x— 1)

x—=1

= lima(x + 1) =lim(—x)
x—=1 x—=1

-1
= 4=—
2

Putting above value in a+b =0,

Hence, none of the options is correct.
14. Question
Choose the correct answer.

The function f(x) = x - [x], where [.] denotes the greatest integer function is



A. continuous everywhere

B. continuous at integer points only

C. continuous at non-integer points only
D. differentiable everywhere

Answer

Given function f(x) = x - [x]

For any integer n,

x—(n—1),n—1<x<n
flx) = 0,x=n
X—nn=x<n+1

LHL:

limx—n+1l1=n—-n+1=1

Xx—=n-

RHL:

limx — n=n-n= 0

Hence, f(x) is not continuous at integer points.

. Given function is continuous on non integer points only.

15. Question

Choose the correct answer.

Let f(x) = J ax -l - .Then, f(x) is derivable at x = 1, is
]x +1/2 .x=

A.a=

B.a=

C.a=0

D.a=1/2

Answer

ax?+1,x>1

Given function =
f(x) [ x+§,x£ 1

] and f(x) is derivable at x = 1.

= LHD (at x = 1) = RHD (at x=1)
fx) -f(1) . f(x) - (1)
— . = lim —————

= lim el x— 1
o Jim R ), ) )
h—o0 1-h-1 h—o 1+h-1
(1-n+3)-2  a@+m?e1-2
= lim = lim Z
h—0 —h h—0 h
! 0
=a——=
2
1
= a=-
2

Hence, option D is correct.



16. Question

Choose the correct answer.

Let f(x) = |sin x|. Then,

A. f(x) is everywhere differentiable.

B. f(x) is everywhere continuous but not differentiable at x = nmn, neZ

C. f(x) is everywhere continuous but not differentiable at x = (2n +1) /2, neZ.
D. none of these

Answer

Given that f(x) = |sin x|

NN NS NS NA

From the graph it is evident that it is continuous everywhere but not differentiable at x = nm, neZ
17. Question

Choose the correct answer.

Let f(x) = |cos x|. Then,

A. f(x) is everywhere differentiable

B. f(x) is everywhere continuous but not differentiable at x = nm, neZ

C. f(x) is everywhere continuous but not differentiable at x = (2n + 1) /2, neZ
D. None of these

Answer

Given that f(x) = |cos x|

From the graph it is evident that f(x) is everywhere continuous but not differentiable at x = (2n + 1) /2,
neZ.

18. Question

Choose the correct answer.

The function f(x) = 1 + |cos x| is

A. continuous no where

B. continuous everywhere

C. not differentiable at x = 0

D. not differentiable at x = nm, neZ

Answer



Given that f(x) = 1 + |cos X|.

From the graph it is evident that it is continuous everywhere.
19. Question

Choose the correct answer.

The function f(x) = |cos x| is

A. differentiable at x (2n + 1) /2, neZ

B. continuous but bot differentiable at x = (2n + 1) /2, neZ
C. neither differentiable nor continuous at x = nm,neZ

D. none of these

Answer

Given that f(x) = |cos x|

From the graph it is evident that it is continuous but bot differentiable at x = (2n + 1) /2, reZ.
20. Question

Choose the correct answer.

sin(n[x -]

The function f(x) = —.where [.] denotes the greatest integer function, is

2

4+ [x]
A. continuous as well as differentiable for all xeR
B. continuous for all x but not differentiable at some x
C. differentiable for all x but not continuous at some x.
D. none of these

Answer

Given thatf(x) = sinrlx—ml)

4+[x]2
' We know thatnn(x-nm) =nmandsinnn=0
So, 4 + [x]2 =0

= f(x) = 0 for all x



Thus f(x) is a constant function and continuous as well as differentiable for all xeR
21. Question

Choose the correct answer.

Let f(x) = a + b |x| + c |[x|*, where a, b, and c are real constants. Then, f(x) is differentiable at x = 0, if

A.a=0
B.b=0
C.c=0

D. none of these
Answer
Given that f(x) = a + b |x| + ¢ |x[*, where a, b, and c are real constants and f(x) is differentiable at x = 0.

f(x) = {a +bx+xtx= 0}
a—bx+x*x<0

* f(x) is differentiable at x =0

S LHD = RHD
" f(x) —f(0) " f(x) — £(0)
T T k-0 et x-0
a—bx+cx*—a atbx+cx*—a
= lim = lim
x—=0" X x—07 X
~a—b(-h)+c(-h)*—a _ a+bh+ch*-a
= lim = lim
h=0 —h h—0 h
a—b(-h)+c(-h)*—a _ a+bh+ch*—a
= lim = lim
h—0 —h h—0 h

= lim -b — ch® = lim b + ch?
h—0 h—0

=-b=>b
=22b=0
=2b=0

22. Question

Choose the correct answer.

If f(x) = |3 - x| + (3 + x), where (x) denotes the least integer greater than or equal to x, then f(x) is
A. continuous and differentiable at x = 3

B. continuous but not differentiable at x = 3

C. differentiable but not continuous at x = 3

D. neither differentiable nor continuous at x = 3

Answer

Given that f(x) = |3 - x| + (3 + x), where (x) denotes the least integer greater than or equal to x.

—x+3+3,2<x<3}

3
() =1y _34+3+43<x<4

9—x2<x<3
ﬁf(x)_[m 4,3<x<4}



Checking continuity at x =3,
Here, LHLat x = 3

lim9—x=6
x—=3"

RHLatx =3

lim+x +4=7

x—3

" LHL = RHL

.~ f(x) is neither continuous nor differentiable at x = 3.
23. Question

Choose the correct answer.

H-

s
If f(x)=4{1+el* .then f(x) is
1 0 .Xx=0

.

A. continuous as well as differentiable at x = 0
B. continuous but not differentiable at x = 0
C. differentiable but not continuous at x = 0

D. none of these

Answer
L Xx=0
Given that f(x) = {l+e:_t’ ]
0,x=20

Checking continuity at x = 0,

LHL:
1
lim ;=1
%071 4 ex
But f(x =0) =0

Hence, function is neither continuous nor differentiable at x =0.
So, option D is correct.
24. Question

Choose the correct answer.

l—cosx 0

H-

Xsinx

1
l— .x=0
2

A. continuous and differentiable

If f(x)=- .thenat x = 0, f(x) is

B. differentiable but not continuous
C. continuous but not differentiable
D. neither continuous nor differentiable

Answer



—, X
Given that f(x) = { *=inx

Checking continuity and differentiability at x = 0,

LHL:

. 1—cosx . l—cosx X . 1—cosx X 1
lim —————= lim —————x—= lim X =3
x—0" Xsinx x=0" XSinX X x=0" X sinx 2
LHL = f(x=0)

Hence, f is continuous at x = 0.
LHD at x =0,

_ f(x)—f0)  f(0—h)—f(0)
lim ———=lim———

x—0" Xx—0 h—0 0—h-0

1-cos(—h) (E)

— lim (—h)sin(—h) 2 -0
h—0 —h
RHD at x =0,
" f(x) — f(0) . f(0+ h) — f(0)
ot x—0 h0 0+h-0
1—cos(h) (E)
h—=0

" LHD = RHD = f(0)

- f(x) is differentiable at x =0.
So, option A is correct.

25. Question

Choose the correct answer.

The set of points where the function f(x) given by f(x) = |x - 3| cos x is differential then,

A.R
B.R- {3}
C. (0, )

D. none of these

Answer

Given that the function f(x) given by f(x) = |x - 3] cos x is differential then
LHD at x =3,

f(x)—f(3) i f(3—h)—f(3)
i x—3  h2 3-h-3

~ hcos(3—h) -0
= lim = —cos3
h—0 —h
RHD at x =3,
f(x)— f(3) _1 f(3+ h)—f(3)

lim ——— = lim
x—=3t X—3 h—=0 3+h-—3



- hcos(3+h) -0
= lim = C0s83
h=0D h

~"LHD = RHD

.. f(x) is not differentiable at x = 3 but since it is a product of modular and cosine function, it is differentiable
at all other points.

Hence, option B is correct.
26. Question

Choose the correct answer.

" L x=-1
Let f(x)=4|x|. —-1<x<LThen,fis
} 0. X =1

w

A. continuous at x = -1
B. differentiable at x = -1
C. everywhere continuous

D. everywhere differentiable

Answer
Lx=-1
Given that f(x) = }lxl,—l <X < 1]
0,x=1

Checking the continuity at x = -1:

LHL at x =-1,

xhl_nl_f(x) = EEtljf(_l —h)= LIE}) 1=1
RHL at x =-1,

KEl_nﬁfl::«;) = %E}]f(l +h) = EE%(]_-F h)=1
Hence, f(x) is continuous at x =-1.
Checking the differentiability at x =-1:
LHD at x =-1,

po fO D f1-h) —f(-1)
xomi= K—(=1)  he0 —1—h—(—1)

1-1

= lim =0
h—0 —
RHD at x =-1,
I f(x)—f(—1) i f(—1+h)—f(—1)
el x—1 B (D) +h— (-1
1-1
= lim =0
h—0
~*LHD = RHD

Hence, options A and B are correct.
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