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Areas of Bounded Regions Ex-21-3 Q1
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Areas of Bounded Regions Ex-21-3 Q3

We have to find area of region bounded by

y?=x ---{1)
and y = x ———{2]

Equation (1) represents parabola with vertex [0,0) and axis as x-axis and equation

(2] represents a line passing through origin and intersecting parabola at I:EI,III] and

{111].
A rough sketch of curves is as below:-
¥
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Shaded region represents the required area, We slice it in rectangle with Width =ax,
length =y, -y,

area of rectanale = v, - v, Jax
The approximation tnangle can slide from » =0 fo x = 1.

Required area = region 40824
1
= lofy1 - v2)ax

= Jo [ - ) ax

. 1 ,
Required area = c sguare units
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We have to find area bounded by the curves

y=4-x2

= ey ---(1)
and v =0 ---{2)
v =13 ---{3)

Equation {1) represents a parabola with vertex [0,4) and passes through {0,2),{0,-2)

Equation (1) is x-axis and equation (3} is a line parallel to x-axis passing through (0,3).

A rough sketch of curves is below: -
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Shaded region represents the required area. We slice it in approximation rectangle with
itz Width =ax and length=y -0=y
Area of the rectangle = yax.

This approsim ation rectangle can slide from » = 0 to x =2 for region 048C0,

Required area= Region ABDEA
= 2[Region 0A8CO)

- 2[fyax

2i5(4- xz]zdx
-]
2[[8 - g] - {D]]

sguare units

laa
w3

Required area =
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xE ¥ X ¥
Here ta find area {{X,y].?+?$1$§+B
S0,
e
Ehr B
Yoy, -
a+b 1 {2]

Equation [1) represents ellipse with centre at origin and passing through {+a,0),

{0,+b) eguation (2) represents aline passing through (a,0) and {0,h).

& rough sketch of curves is below: - let 3 > b

{0,-b)

2

Shaded region is the required region as by substituting [0,0) in X—+: 1 gives a true statement
a

and by substituting 0,0} in 1% §+% gives a false statement.

We slice the shaded region into approxim ation rectangles with Width =ax,
length = ([, - y2)

Area of the rectangle = (yl - yz]

The approxim ation rectangle can slide from x =0 to ¥ = 3, s0

Required area = IS[E Jai-x%- %[a - x)]dx
E]E {-Jaz - x% - {a - x]]dx

2 E

=;i 2P -x? +—sm }ax+%]
o

blla e 1 a°
b Es.‘ = 5% +?sm f1)-2* +— -(0+0+0+0)
bl = &
a2 2 2
batle=d)
a2 2

Required area= aTb{ﬂ'—E} square units
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Here we have find area of the tiangle whose vertices are A[Z 1), 5(3,4) and C[52)

Y
_Bl?-,‘i}
{x,yl)srz‘:_.,a{x_‘?;l
Ax *—EE ¢ (52
EE-IJA.-';‘{ o Py
o) "‘””7';
- - ¥
o
Equation of AE,
Yz
-y = X o=
L 1 [XZ_XI][ 1]
4 -1
-1= 2
v-1- (23] (-2
-l==[x-2
y 1( }
y=3x-6+1
¥=3x-5 ———|{1}|
Equation of EC,
2-4
—4= | |fx -3
v-a- (5o
-2
=—|x-3
2{x-3)
W—34==-x4+3
Vo= X +7 ---{2)

Equation of AC,



1
-1==[x-2
y-1=2{r-2)
1
y=§;{—§+1
1 1
= Zx+= S
y =53 (3)

Shaded area oAE8C is the required area.
ar {e.ﬁ-‘«E-C] = ar{aABD] +ar {aBDC}

For arl{e_ABD]: we slice the region into approxim ation rectangle with width =ax

and length (v, - v3) area of rectangle = [y - y5)ax

This approximation rectangle slides from x =2 to x = 3

I
L] o

I
| o
_~—

ar [aABD) = % sq. unit

For ar{aBD C]: we slice the region into rectangle with width =ax
and length (v, - ¥3). Areaof rectangle = (y; - yylax



The approxim ation rectangle slides from » = 3 to ¥ = 5.

_ _Hﬂaf L2 {5}] _ [4{3}2 _ gmﬂ
- & 3 & 3
-2 -o]

=- —E+14]
e

ar [aBDC) = % 5q. units

So, ar [aABC) = ar [aABD) + ar (28D C)
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ar [aABC) = 4 5g. units
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Wwe have to find area of the triangle whose vertices are A{-1,1}, B(0,5), C(3,2)

Equation of 48,

—_—
- ={%J[x+l]

y—1=%|{x+1]

¥=dx+4+1

Wo=dx+5 ---{1)

Equation of 8C,

y=5-x ---{2]

Equation of AC,



- Z(x-0)
W—0=-X
y=5-x - [3)

y=%[x+5] ---(3)

Shaded area 2 A8C is the required area.
ar [a8BC) = ar[aABD) +ar [sBDC)
For ar{aABD]: we slice the region into approxim ation rectangle with width =ax

and length {y; - v3) area of rectangle = {y; - yg)ax
This approximation rectangle slides from x = -1tox =0, s0

ar (aABD) = |2 {y, - yo)ax

- jf'l[{drx +5)- %{x +5]i|a‘x

= jﬂl[4x+5—i—Ede
4 4
= jf'i{lTrEX +EJG'X

I}
—
|
|—|‘_-'_‘\
n_-u|><
+
x
R
L [}



ar [«ABD) = lEI_E 5q. units

For ar[aB.D C] : we slice the region into rectangle with width =ax

and length [y, - v¥5). Area of rectangle = (¥, - vg)ax
The approxim ation rectangle slides from » = 0 to x = 3.

Areafa80C) = jg[yz - ya)ax

ar (s8DC) = ? sq. units

So, @ [aA8C) = ar (a4BD )+ ar [28DC)

15 4%
+

2

2
G0
2

ar[«ABC) = % 5q. units
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To find area of Manaular redion bounded by

¥ =2x +1 [Say, line A8) ---{1)
y =3x+1 [Say, line BC) ---{2)
¥y =4 (5ay, line AC) ---{3)

equation (1) represents a line passing through points [0,1) and (—% ,0] ,equation

1

(2) represents a line passing through points (0,1) and [ 3 UJ. Equation (3) represents

a line parallel to y-axs passing through (4,0).
solving equation (1) and (2} gives point (0,1)

Solving equation (2] and (3) gives point C(4,13)
solving equation (1) and (3) gives point A(4, 9)

(0. 1‘!,;

ViRt

Shaded region AECA gives required triangular region. We slice this region into approgim ation
rectangle with width =ax, length= [y - y2).

area of rectangle = {yy - y3)ax
This gpproximation rectangle slides from x =0 to x = 4, so

Required area = {Raginn ABCA}

= [5{vs - va)ax
- J‘g[lax +1]- [2.5{ + 1}]dx

= |2 walv

]

Reguired area= 8 sg, units
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To find area {[x,\,r}l TpZ S B, K+ T s E—J} given equation is

¥y© =8x ---[1)
2 +ypf=og ———[2]

Eguation (1) represents a parabola with vertes {0,0) and axis as x-axis, equation {2}

represents a circle with centre {0,0) and radius O =3, soit meets area at {£3,0},

[D,iB}l. point of intersection of parabola and circle is {1,2\5} and {L—E\E}.

A rough sketch of the curves is as below: -

1

Shaded region is the required region,

Required area = Region C48CO
= 2(Region 0BCO)
Reguired area=2 [region QOCO +region DBCD]

=2[J,:,1J8_xdx+[13 g_xzdx]

[ 1 3
=2 E«JE.EXJX + i-\jg-xz +E Sin'li
3 o \2 2 3

[ ) 7 o)

2|2 f(2.1)- (222 ()]

_ [ 9r 9 . (1 _
Required area= 2 %+ z - ESln_l [EJ] square units
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To find the area of common to

x24y®=1s ---{1)
ve = Ay ---(2)

Equation (1) represents a parabola with vertex {0,0) and axis as x-axis, equation (2}
represents a circle with centre (0,0) and radius 416 = 4, s0 it meets areas at [+4,0},

[DJic‘hD]. points of intersection of parabola and circle are {E,Eﬁ} and [2, —Eﬁ].

& rough sketch of the curves is as below: -

! _ _ oy =6x
0.4 (2.23) —
- A A_- ~
v (v }._’._
. pLA=EN
/ == alxys)
e — - Ax
B | [TTTe
(-4,0)] o) ——b— I{4,0)
\.\ '»\j.,
L \-~~.<{2.—2u3]
) ~ B
| (0, -}

Shaded region represents the required area.

Required area = Region Q8 CAD
Required area = 2 {region ODAC +region DCAD) ---(1)

Region 0040 is divided into approximation rectangle with area v ax and slides fram

#=0tox =2, and region £CAD is divided into approximation rectangle with area yoax

and slides from x = 2 and » = 4, So using equation {1,

Required area=2 :[Dzyldx + [;yzdx)

- 2[(3Bwab + 3B -2k

. :{ﬁéxﬁ I fedion? gléﬂ

S O T
i 2:3 T2 4 ffo o (1) - (14 25 [%J]H

S SREED)]

2{ﬁ+4x-2\.’§-4_;}

3
_olzE B
3 K]

Required area = %[4;7 + -\E} sq.units
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Equation of the given circles are
HE 4 '|||2 = 4 I:l}

And  (x - 2P +y?=4 L2)

Equation (1) is a circle with centre O at eh origin and radius 2, Equation (2) is a

circle with centre C (2,0) and radius 2. Solving equations (1) and (2), we have
{3_2)2+?2=x2+v2

or M2 - dx + 4 + y2 = 32 + y2

or ® = 1 which gives y +./3

Thus, the points of intersection of the given circles are & (1,43] and &' (1, - 8| as

shown in the fig.,

Required area of the enclosed region OACA'D between circle

= 2 [area of the region ODCAQ] (Why ?)

area of the regon ODAD + areacf the remon DC&D]

2
-2 luydx + L ydx]
2

_lamd“ff 4_x2m] (why ?)
:%(x_am%mm—l[ EEEQEHH%H.& ;[
[x-zjm+4sin‘ I [ ‘J"-_x+4sm‘§]

[—,ﬁ+4sin“ [‘El]]-«mn‘i [-1)]4-[4 snt 1-8 - 4 gnt ;]
[—,,E—4xg]+hi]+|:4xg-.ﬁ—4g§]

(]
g ]

L] n
r—

-3 —E + 21] - [2:2— J3 - 2—;]
3:

(Ir

Eﬁ squAare units

&' f1,- 4‘3}

&
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To find region enclosed by

o ex -
¥+y=2 ---(2)

Equation [1] represents a parabola with vertes at origin and its axis as 2-aqis,
aquation {2] reprasents aline passing through {E,D} and [DJQ}. points of intersection
of line and parabola are {1,1) and (4,-2).

A rough sketch of curves is as below: -

Shaded region represents the reguired area. We slice it in rectangles of width .y and
length = {x, - x.).

Area of rectangle = lxi - Xz!n}r'.
This approximation rectangle slides from y = -2 to v = 1, s0

Feguired area= Region AC0EBA
1
= [ofxy - #2)ay
= Yfe -y - y?)ay

“[(z-53-3)-(-+-2+3)
(=== ()

)
—+ —
6 3

. a .
Required area= 5 sq.units
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To find area {[Jf,y] syl ean,awieapls 16}

=  yi= -==f1)
axf+3pi=16
2 2 16
-— ---f2
x“wy 3 ‘}

Equation (1) represents a parabola with vertex {0,0) and axis as x-axis,

equation (2} represents a circle with centre (0,0} and radius :‘;3. and mests axes at

[i%,u] and [D,ti]. & rough sketch of the curves is given below: -

Ne

T [.,, _4_]
v

Required area = Region OCBAOQ
= 2 [Region 0BAO)
= 2 (Region ODAO +Region DBAD)

4 2
& Bxax +JF ’i%] -x?dx]

a-2| (B2 4|2 [%]2 - _mr |

=2' a.E] [D+§5m-l{1}] : [4]2_az+%5in'1$
_[3 Jlea

3
Thus, A =—2 a2 + 8% _4 E—ar"—Esm'l[—""r_—ga

NE] 3 3 e
Where, a= %@
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To find area {[x,y] sy esx,ExteEple 36}

= y? =5y ---f1)
SxZ 4+ 5¢% = 36
z,,2_36 R
S+ y < 12}

Equation {1] represents a parabola with vertex I:EI,III] and axis as x-axis,

. . . . G
Equation (2] represents a circle with centre (0,0) and radius N3 and meets axes at

[ti,u] and [D.ti] . & ordinate of point of intersection of drcle and parabola is
5 N3

a whare 3 = -25"'1—0 V1345 & rough sketch of curves is; -
¥
i -3
["'};]
A
(% ¥
B (% ¥s)

Required area= Region OCBAQ

A = 2 [Region 0BA0)
= 2(Region ODAO +Region DBAD}
6

[ 2
, 6
- 2|J2 Bxax + | B EET] - x2dx

_2'[£_XIJ EH ()

2
-ﬁa 3+ 2 [D+§.1]— -l E] —az+§sin"[$]

2) |2Y\{F
3
Thus, a= 45 ;7 18m _, [36 —isin'l[ a/s
a 5 5 5 6

Where, 3 = =25+ /1345

10
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To find area bounded by
R ---{1)
-y ---(2)

Equation (1) represents a parabola with vertex (0,0) and axis as x-axis,
Equation {2] reprasents a parabola with vertex {EI,EI] and axis as y-axis,

Points of intersection of parabolas are {0,0) and (4,4).

A rough sketch is given as:-

x_dy i

The shaded region is required area and it s sliced into rectangles with width
ax and length (v, - y,). Area of rectangle = (y, - ¥ )ax.

This approximation rectanale slide from x =0 to ¥ = 4, s0
Feguired area = Region 00420
A= 3y - ya)dx

=I§[EJ_ —’%f]ax

2 37?
s

I R v

3V 121J

|
Lo B e— |

]

a-22_10
3 3

1 .
A= — =sq.units
3 q
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To find area enclosed by

=
1]

dax ---{1)
x% = dby ---[2)

Equation (1) represents a parabola with vertex [0,0) and axis as x-axis,

equation (2] represents a parabola with vertex [0,0) and axis as y-axis,

points of intersection of parabolas are [EI,EI] and [43% b%, 4&% a] %J

& rough sketch is given as:-

¥ = dby

_,r-' = Jx

The shaded region is required area and it is sliced into rectangles of width =
ax and length iy - v2).

area of rectangle = (¥, -y )ax.

: : . : .
This approximation rectangle slides from x = 0tox = 43— b —, =0

3 3

Required area= Region OQALO



P L
3

43-!:-%
2 X
= | 2nf3 =N ———
[J_B 12.":'}
z
=32 3 aibgaibl_64ab
3 3 3 a6 3 124k
32 16
= —ab-—ab
3

ab sq.units
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To find area in first quadrant enclosed by x-axis.

&= 3y ———{1]
xEryt=da ---{2)

Equation (1) represents a line passing through (0,0), {—ﬁJ—l}, [ﬁJ 1). Equation (2)
represents a circle with centre {0,0) and passing through {+2,0], {0, £2). Points of

intersection of line and circle are {—\5,—1} and {\5,1}.

& rough sketch of curves is given below: -

¥

f

o2

ap

P Q (x¥)
:'.-.fi_ e ——

2,0 | /9’ ¢ [af20
\ /

<31

To,-2)

Fequired area = Region 0480

A = Region OQCEQ + Region A8 CA
- 1§ + 15y 2
‘“'r al G"X+Iﬁ 4 - dlx

J_«.ﬁ
(5] [z e )]
? [{D+25m‘1{1]} [J_ 1+25m1[§m
P S NP
2 2 2 '3

A

7 sq.units
3 .
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E 2

¥

104

04

Area of the bounded region

= _EJ; dx+i-\r-[i3] dx

2
e S 3x9
13zl
B L] e eF 300) (3% (37 3(3)
% % 4 =2 % 4 &

=9 5q, units
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To find areain enclosed by

x?ep? =183° ---(1)
and y* = Bax ---(2)

Equation (1) represents a circle with centre [0,0) and meets axes [t4a,0), (0, £43).
Equation(2) represents a parabola with vertex (0,0) and axis as x-axis. Points of

intersection of circle and parabola are [2;,245&},{2;,—2@3}.

& roungh sketch of curves 15 given as:-

¥
0, 4 iza. 250

2oyt aibal

(4o, O)

Fegion 00C0 is sliced into rectanales of area = y,ax and it slides from x =0 0 & = 23,
Region 8C0E is sliced into rectangles of area = yoax it slides from » =23 to » = 43 So,

Required area= 2 [nginn 00 CO + Region BCDB]

= 2[15" e + 12 v |
- 2[]5" \!EE&'X +j;: 1657 -xzdx]

-Jﬁ_a [%w’? J? + [%m +g sint [iﬂ: ]

a3

n
a

s [@; 273+ [[D v8s 7] (27 + 932-5]]

=2 —EEEZ +45°r - 2,557 - %azx]

[ 2322 . Bazs]

3 3

A= g:dm +1.|"§] sq.units
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To find area lying abowve x-axis and included in the circle

x2+y2=8x

-4 +y2-16 —]
(% - 4)

and y? = 4x ---f2)

Equation [1) represents a cirde with centre {4,0) and meets axes at [0,0) and (8, 0).
Equation{2) represent a parabola with vertex (0,0} and axis as x-axis. They intersect at

{4,-4) and [4,4).

A rough sketch of the curves is as under: -

L

_\'—-I:-o.y-._- 16

Shaded region is the required region

Required area = Region QA80

Required area = Region Q080 + Region DABD ---{1)

Region G080 is sliced into rectangles of area ¥ ax. This approxim ation rectangle
can slide from & = 0 to x = 4, So,

Region GDBO = jgyldx
[Fayfay

{3,



Region QDEO = 33—2 sg. units ---[2)
Region D480 is sliced into rectangles of area y,ex, Which moaoves from » = 4 to x = 8, So,

Fegion DAEBD = [fyzdx

= [fmdx
= {{Xzim+12—6sin_l{x+jﬂj

~[[oeg)-to+)

Region D480 = 47 sq. units ---(3)

Using [1),(2) and [3), we get

Required area = [% + 43]

A= 4[;7 +§] sq.units
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To find area enclosed by

y = Bx? ---{1
Yy =2x2+0 ---{2)

Equation (1) represents a parabola with verter [0,0) and aris as y-axis. Equation [2)

represents a parabola with vertex [D,E—J}l and axis as y-axis, Points of intersection of

parabolas are {\5, 15] and {—\5,15].

& rough sketch of curves is given as:-

\

[+3,15)B%

Region AOCA is sliced into rectangles with area [}“1 —yz:]&x. It slides from » =0
tox = '\JE, =0

Reqguired area= Region A08CA

2[Region A0CA)

2 (v, - o)
2]5'5{2;{2 +0- SXZ]G"X

2/ (o - 347 )ax

= 2[9}(—){3];5

2[{ov3 -243) - (0]

Required area= 1243 sq.units
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To find area enclosed by

o= 2x° ---{1)
yo= x4+ 4 ---(2)

Equation {1} represents a parabola with vertex {0,0) and axis as y-axis, Equation [2)

represents a parabola with vertex [0,4] and axis as y-axis, Points of intersection of
parabolas are {2,8) and [-2,8).

& rough sketch of curves is given as:-

l._n'll..u ¥ e |

+A(2,8)

Region A0CA is sliced into rectangles with area [yl - }fz:]e.)(. and it slides from x =0
to x =2

Required area= Region ASECA
A =2[Region A0CA)

= 2]3{5”1 - yojdx
= Ejg {XE +4- 2;{2:]0';(

= 2[5 f4- x%)ax
ot
2[[8 § %J- {u]]

I sq.units
3

I
1]
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'y

Yy | v

Equation of side AB,

x+1 y-2

1+1 5-2

o, Xt 1 =L2
= 3

= 3x+3=2v- 4

=2y —3x=7

Equation of side BC,
#—1 y—25

3—-1 4-5

x—1 v—=25
|

= —¥+1l=22y—-10

=2y =11—-¥

11—«

=

a4
]

o



Equation of side AC,
K+l y—2
341 4-2
v+l oy =2
4 2
w+l oy =2
|
=x+1=2y—4
=2 =54¥
54
2

SOy =

.—'\r a of required region

A eqcfE»—BFEh—m CfBFu' B - Areaof AEGCA
1

= | Yapde + f Vel — f"fncd}’{
Y 1 ]

1

1

:f3x+?dx+j11—xdx_j5+xdx
-1 1

2 2 J 72
3
zZ Z2 Z
112 ] sl Sl X
272 L2 21 2 2|,
1]302 -19) (3¢ -1%
_1 + 70— (—1 113
2| 2 (1 —(—=10+ (3-1)- 5

1 (3 —1°
_5[5(3_(_1))+T]

1 1 1
=-|04+1d|+ =22 -4|— =20+ 4
[0+14]+5[22 - 4] - [20+4)
1 1
_?+§x18—§x24
=7/4+9-12
=4 sgunits
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Y

¥

4__
31
V=X = /
s p=alx
27T A l ——
_:-'-'-'_FF'-'_
/'/ T
ra .
-
//"r’_‘___-f"-)
1 S
(.13
/
X
l J J. J. J. J. >
1 i 1 2 3 4 5

Area of the bounded region

=iJ§—xdx
0

{54
{34

1 .
= — 5q. Units
z %9
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Consider the following graph.

We have, y=+3 x

Substituting this value in x? +],rE =15,
+3xf =16

=xi+3x%=16

= 4x° =16

=x’=4

=x=12

Since the shaded region is in the first quadrant, let us take the positive
viafue of x.

Therefore, x =2 and y= 2‘4@ are the coordinates
of the intersection point A,
Thus, area of the shaded regIon OAB= Area OAC + Area ACE

- Area OAE-f J_mx+f 16 - %2 dx
4
- Areq DAE‘=( \,{_x ] %[m‘ 16— x% + 16sin~ {%J]
1
2

cim{L522) Hos{ ]S )
- %[4ﬁ+ 165|n'1[i)]

2

- Areq OAB=2y3 + ?[lﬁx =

= Area OAB=24/3 +4n-2,3 - =

= Areq OAB=4T —4T“

= Areq OAB= Ba—ﬂsq. units.
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To find area bounded by

vi=zx+1 ---{1)
and x -y =1 ---{2)

Equation (1) is a parabola with vertes {—%,DJ and passes through (0,1, (0,-1).

Equation (2) is a line passing through (1,0} and {0,-1). Points of intersection of
parabola and line are {3,2) and {0,-1).

& rough sketch of the curves is given as:-

Shaded region represents the required area. Itis sliced in rectangles of area {xl - xz].e.y.
It slides from v =-1toy =3, s0

Required area = Region ABCDA
=
= L1[X1 - Xz]db"

2_
= li[lﬂf— y—l]dy
2
1 3 z
=Ej_1{2+2y—y +1}dy
1
- 51_31{3+2y—y2]dy

il 37
2 ¥

==|3 L

= |3y 3]_1

-[9+9-9}-{-3+1+%H

3

5]

rJ

Fequired area= 13—5 £Q. units
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To find region bounded by curves

¥y=x-1 ———{1]
andfy - 1)% = 4fx +1) - -~ f2)

Equation (1) represents a line passing thraugh (1,0) and (0,-1) equation (2)
represents a parabala with vertex [-1,1) passes through [D,B},{D,—l]{—%,ﬂ].

Their points of intersection {0,- 1) and {8,7).

A rough sketch of curves is given as:-

\u_.

W

Shaded region is required area. Itis sliced in rectangles of area [xi - Xz:le.y.

It slides from v =-1toy =7, s0

Required area = Region A8C0A
A= [0y -x5)ay
z
-1
4

=[fly+1— +1|ay

%j_?i(4y+4—y2—1+2y +4)G‘y
- %j_?ltﬁy +?—y2)dy

1- 3?
2 ¥
= |3ty Tt
y y 3:|]_

- 147 445-28 (5742
4 3 3

-

(245 11
- 4+
3 3}

A= % sg. units
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\\_ +y
1 ] \ ¥ ] I 1 1 ]n:.
4 3 EN -'1/ f% i p 3 3 ;
@ //
K7
R
y = -X - =
}
! -3 R
/ %
{
! 41
i
/
ENE
A4
i .\.‘
a4

Area of the bounded region

= f-f - [-2-x) dx

N 22
[-X_+2x+3_1
3 2 .
2 1 1
‘[ 5*5} [ﬁ*i 2]
9
)
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To find area bounded by

yo=2-x2 ---[1)
andy +x =10 ---(2)

Egquation (1) represents a parabola with vertex [0,2] and downward, meets axes at (i@,ﬂ).
Egquation (2} represents a line passing through [0,0) and (2, - 2). The points of intersection
of line and parabola are {2,-2) and [-1,1).

& rough sketch of curves is as follows: -

Shaded region is sliced into rectangles with area = {yl - yz]&x. It slides from x = -1
tox =2, 50

Required area= Region A8FC0A
A=13(yy - yajax

9 .
A== 50, units
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129

104

Ea
=

1y 2 4 8
2x+p =12 =0 =

Area of the bounded region

=11zq.units

e @—25—E+E—36+9+———
2 4 2 4

d

s
]dx+_[12 - 2% - [x—-ijdx
z
] 2 2 =]
+—x} +[ 12x -2 - X —lx]
o 4 2 ]

9 3

[t o



Areas of Bounded Regions Ex-21-3 Q31

To find area bounded by x =0, x =1

and
y=x ---{1)
y=xT42 ---{2)

Equation (1) is aline passing through {2,2) and [0,0). Equation (2) is a parabola upward
with vertex at (D,E}. A rough sketch of curves is as under: -

¥

-
L
]

Shaded region is sliced into rectangles of area= [5’1 —yz:)&x. It slides from x =0
tox =1, so

Required area = Region 0A48C0
1
A=lolyy-yakiv

11 .
A e sq. units
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To find area bounded by

x=y? ---(1)
and

x = 3-2y°

2y? = - (¥ - 3) ---[2)

Equation (1) represents an upward parabola with vertex [0,0) and axis -y, Equation (2]
represents a parabola with vertex {3,0) and axis as x-axis. They intersect at {1, -1} and

{1,1). A rough sketch of the curves is as under:-

Qixy]
<

Tl

Ah:—-____—

Reqguired area = Region O48CO
A =2 Region 08CQ
= 2[Region 0D CO +Region 8D C8 ]

= 2[Igyia + [y 20 |

=2:Iéx§dx+ffﬁdx}
=2[ ). BEs “(2}}3
Ao oG]

=7 E+i
13 3

A =4 =q. units
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To find area of «A8C with A {4,1), &8 (6,6) and C(8, 4).

Equation of A8,

e

y—l—[g 4J[X—4:]

y=—x-0 ---(1)
Equation of £C,
[T =[%J[X—E\]

=—1[:X—E|:]
Wo=-x+12 ---{2)
Equation of AC,

y—l—[; 1][}{ 4]

y—1=Z[X—4]

x-2 ---{3)

& rough sketch is as under:-



-

- H

Clearly, Area of AABC = Area ADE+ Area BDC

Area ADB: To find the area ADB, we slice it into vertical strips.

We observe that each vertical strip has its lower end on side AC and the
upper end on AE. 50 the approximating rectangle has

Length =y, -y,

Width = Ax

Area =(y; - y1)Ax

Since the approximating rectangle can move from x =4 to 6,

6
the area of the triangle ADB=I (V2 =vy)dx

6
= area of the triangle ADB= f [(T —9] [—X EHG'
>

X

= area of the triangle ADE= f 9— —x +2de

[T
6 7x
= qrea of the triangle ADB= (T - ]

)
42 4
= area of the triangle ADB=[?’(:E —?xe]—[?xslﬁ —?x4]

= area of the triangle ADE= [




= area of the triangle ADBE= [6—23 =42 =14+ 25]

= qrea of the triangle ADE=[% —28]

g
Similarly, Areaq BDC=f (vs—y3)dx
5]

8
= Area EDC=_’; (va—y3)dx

8
= Area BDC=L [[—x+ 12]—[%x—2ﬂdx

B
7%
Area BDC = +14|d
= AFed j;|: 1 i|x
- 2 B
= Areq BDC = —£+14x]
| 8 5
- Area BDC=| - L2564 +14x5]—[—?’"36 +14x6]

= Areaq BEDC=|-56+ 112+52—3—&4}

f
 Area BDC = E—za]
Thus, Area ABC = Area ADE+ Area BDC

- Areq ABC=[% —23]+[% —28]
= Areq ABC=63 —-56

= Area ABC=7 s5q. units
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To find area of region
[[xjy}l te-1sws '\JE—Xz]

= ko -1]=¥

-, ifx <l ———{1}
=  ys= .

x-1ifxz1l ---{2)
and  x®+4yp?=5 ---(3)

Equation (1) and (2) represent straight lines and equation {3} is a circle with centre

{o.0), meets axes at (iqu,l]) and (D,i«d'g).

& rough sketch of the curves is as under:

Shaded region represents the required area.



Required area= Region 8C08 +Region CADC

A=t ya)de + 2y, - yo)ax

= j_ll[m— l+Xi|G"X +jf(m—x+1)dx

. E . 41 3 5 .4
=|l+—s5"" —-—+1+—5I"" —- —|+|1+—25IN
2 ﬁ 2 2 c 2 2

A= 3 sin! - +sin? : - sg. units
2 5 ] B
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To find area bounded by v = 1 and

y=k-1

x-1,ifx =0
¥ = .
1-w,if x <0

& rough sketch of the curve is as under: -

¥ = X JP :T-l-1
)

1
Shaded region is the required area. So

Fequired area = Region A8CA

A= Region ABDA + Reqgion BCDE

= Jolyi - y2)dx +]{y1 - ys)ax
= fofl-1+x)ax + [F{L-x +1)ax
J

Il

M|~
+
.
Pa

|

]

+

M| =
—

I
]

1 =q. unit

-~ (1)
---(3
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To find area of in first quadrant enclosed by x-axis, the line v = » and circle
x% 4yt =32 ---{1

Equation {1} is a drcle with centre (0,0) and meets axes at (i%ﬁ,ﬂ), (Dliﬁlﬁ).

and y = is a line passes through {0,0) and intersect circle at {4,4).

& rough sketch of curve is as under: -

Required areais shaded region OA4EBO

Region Q480 = Region OCEO + Region CABC

= Iy + 11y
= [ xdy +]::"'f5 32 - xZdx

El
2
=[X_] +[%u32—x2+%sin_l l }
0

42
2 +~F
=|{8—D]+HD+16.%J—{8+16.% }

=8+8r5r-8-4rx

4

A =47 =q. units
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The given equations are
24y =16 . (1)
W=6x .. (2)

A adw

Areabounded by the circle and parabola

=2 :Amu{OAD(}}+ Area( ADBA ]]

zz-_[’mrm fdm—x-‘m}

b

i

WAk +2[‘;Jlﬁ—xl+lzﬁ:sin'ﬂ:

et 1]

ol | Tl

- EJhxg[.\'.-’ ]“ +2[H-%- J16 -4 —8sin '{%]]

4~f( )+2[4n-Jﬁ -8 ]



=]6J§+Bn—4J_—Sn
3 3
-4ﬁ+ﬁn—3w‘r§—2n]

_\(ﬁ+4n]

dn+ \l'r_’_s J square units

Area of circle = (F)°
=1 (4)% = 167 square units

Thus, Required area = 151T-%[4T[+ ﬁ]
:%[4x3n—4n—\.r'§]
=2 (en-y3)
=[%n—i‘§i]sq. units
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|

214

Vo

F-xz-)\ /

1,1
5 4 2
-

Area of the bounded region

2
=I>c+2—><2 dx
-1
x2 x3
'[?*2”'5 ,
4 2 1 1
=—+d-—-—+2-=
2 3 2 3
= ,
= — sq.units
> q

3
)%
%
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To find area of region
{{x,y):Dinx2+3, DLy <2x+3, u<_=x53}

= ¥ o= X +3 ---{1)
v o=2x +3 ---{9

and x¥=0,x=73

Equation [1) represents a parabaola with vertex (3,0) and axis as y-axis. Equation [2)

represents a line a passing through {D,S) and [—g,u], a rough sketch of curve is as under: -

(2,8) /: 2% +3
: Bi3,8

X

[ S -

Al3,0)

(30
1l
*

r

Required area = Region ABCDOA

A =Region ABCEA +Region ECDOE

= 13y + 3y
= [3{ex +3)ax + 3 {Xz + 3)0‘)(

- {x2+3x)z+ [gm]:
-[fo+)-(aaj]+ | (2 +2) (o)
=[18-10]+ [?}

=E|+E
3

A =" sq. units
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To find area bounded by positive x-axis and curve

yo=afl-x?
P | ---{1)
X=y ---(2)

Equation {1) represents a circle with centre (0,0) and meets axes at (£1,0),(0,1).
1 1 1 1
,—| and |-—=—=,- = and

they are also points of intersection. & rough sketch of the curve is as under: -

Equation [2] represents a line passing through [

rd AN
/ AN
i r
- '/ i QI-L -
| / oo
r
ra /
\ -/ .-..
M v
e /
i 3

Fequired area= Region 0480

A =ERegion OCEQ +Region CABC

1
= 1 i 1Y yax

=
!
=I,:,:5x-:"x+[11 1 - 2dx
£
= 1
2T
| L R e |
—[?} +[§\1'1 X% +=sin X:|_1
° 2

hr .
A =— 50. units
g q



Areas of Bounded Regions Ex-21-3 Q41

To find area bounded by lines

¥ = 4x+5 [Say 48) ---{1)
v =5-x [Say &C) ---{2)
4y =x +5 [Say AC) ---{3)

By solving equation (1) and (2), we get 8(0,5)
By solving equation 2] and (3), we get C(3,2)
By solving equation (1) and (3), we get A{-1,1)

& rough sketch of the curve is as under:-

__-.._

'

Shaded area aABC is the required area.

Required area = ar (aA80) + ar [u80C) ---[1

=]_1{4x +5—i—£]a‘x
4 4
—]_1{1—X+EJG"X
4 4
0
% ]
-
2
-1



ar (adBD) = % £q. units

ar {aBD C}

[yz }”3] v

[[5 X] Ha‘x
,:,3[5 o = :| by
N

|

-P~|"-"|

-
-5
alz

ar (aB0C) = ? 5q. units

Uzing equation [1),{2) and (3],

ar [aABC) = Tt

15 45
8

60

)

ar (2ABC) = 12—5 =q. Units

-

---)
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To find area enclosed by

x4y

[X—3}2+y2=

--- (1
---(2)

Equation (1) represents a cirde with centre [0,0) and meets axes at (£3,0}, (0, £3).

Eguation {2} is a drcle with centre {3,0) and meets axes at {0,0),{6,0).

N

2

they intersect each ather at [2 3""{_] nd [—J——] & rough sketch of the curves

is as under:

Shaded region is the required area.

Required area = Region QA8 CO

A = 2 [Region 08CO)

= 2{Region 00 CO + Region DECD)

3
= 2[[3“9— {x —3)20‘){ + [g 9 - x 7y

2

[{x 3}m gsmlL
{_ __+ggm1[_3}_[D+gm(_1)]}+{[D+;Sm-qlg_[_
I

9 T 9
P, . B
2 2 22

|\J|u:|
U\lh

=2|- = _

4 4 4

ERER
8
-;'__3_17+9J7+9_J7 gf

(127

El

=

A=

or-22

65 - ——| sq. units
. 2]q

}

2

9.3 9 x
T_E'EH

3r
4

3
+ Q- x2+gsm_1 i
2 2 ]
o 3z

o]

3

3
4
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The equation of the given curves are
2yl =4

Clearly 2+ ya =4 rapresents a circle and x +y =2 is the equation of a
strafght line cutting x and y axes af (0,2) and (2,0) respectively.

The srmaller region bounded by these two curves js shaded in the
following figure,

Length =y, -y,

Width = Ax and

Area =[y; — yq)Ax

Since the approximating rectangle can move from x=0to x =2, the
required area is given by

2
A= J; [z = ya)dx

We have yy=2-x and 1r2=1.||4—x2

Thus,

2
A=J; [\.I'd—xz—2+x]dx
2 2 2
= A= . —
A _’;[\1'4 x]dx 2_!;dx+_’;:-rdx
2
..A=[”—“4'""2 isin_l[%ﬂ —2[x]§,+[“2 ]E
o 0

+ —_—
2 2
4 2

- A=—s5in"Y=|-4+
2S|r1 [2] 2

- A=2sin"Y1)1-2

=7 x JL _
-A—Exz 2

= A=m-2sq.units
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To find area of region

oxE oyt P
{{x.y}. TJ“TSHT’E}

Here

xz 2

?erT:l - --(1)
X jr'- .
§+E 1 {2)

Equation {1] represents an ellipse with centre at origin and meets axes at ($3.,0),

(0,%2). Equation (2] is a line that meets axes at (3,0),(0,2).

& rough sketch is as under:

e

| /

Shaded region represents required area. This is sliced into rectangles with area
[yi - ¥s ]ax which slides from ¥ =0 tox =3, 5o

Reguired area = Region APEQA

A =gy - ya)ax

a2 2 2

= L= I v e i S [
HE 22~ x)ax |
E‘xb_z Q X %
== =9-x" +=3in" -Ix+—
3[2 2 [3] 2:[

{n +§.1- g+_} {n}}

]

A= [32—1'?—3] 50, Lnits
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To find area enclosed by

y = -1

—-lx-1),ifx-1<0D
y={{ )

- (¥-1), ifx-120

1-x,ifx<l ---{1)
= y = .

x-1ifxz1 ---{2)

and  y=-l-1|+1

+x-1)+1,ifx-1<0
= =
g —-[x-1)+1,ifx-120

y={x, if o<1 ---{3)

—x+2,ifxz1 - - - [4)

& rough sketch of equation of lines (1), (2),(3),{4) is given as:

", - 5 //
- 31
EH-DGEDY ()
' O AN
Caye) NP D\ X
;70 LS AN
3 : \ %,
4 5 (% y4) \\‘J

Shaded region is the required area,

Required area = Region ABCDA
Required area= Region 80CE +Region ABDA ---{1)

Region EOCE is sliced into rectangles of area = [yl - yz}ax and it slides from
1

K¥=—Tox-=1

2



Region AE0DA is sliced into rectangle of area= [yg - y4]ax and it slides from

¥=11tox= g So, using equation (1),

Required area= Region 80CE +Reqgion AEDA
3

= [1{y1-ya)dx +12{ya - va)ax
z

3
= [ifx - 14x)ax + [B{-x+2-x + D
z
3
= [1{zx - ) ax +]E[3 - 2x)dx
z

1 2
= [Xz—x] L+ [3;{—;{2]12

1 .
A=— sg.units
5 q
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Tao find area endosed by

aw? 46y =32

2_ _cf,_ 32 .
= —S[y 5] {1)
And
y=eo-2

—fx-2),ifx-2<1
= y_{x—ﬂ,ﬁx—zzl

2-x,1fx <2
= -
= Y {x—E,ifxEE (=)

. . 32 .
Equation [1} represents a downward parabola with vertex [DJ?J and equation [2} represents

lines. A rough sketch of curves is given as: -

Required area = Region ABECDA

A =Region ABEA + Region AECDA
= ]gl{yg—y4]dx +J-22[}”1 ‘5"2]'5"){

2 2
_ J[ﬂ +g}dx+;;2[ﬂ_ M]dx
g g

2 2
=]23[32—3x 5—5x+1u]dx+f_22[32-3x 5_1E|+5X]a‘x

= %[[23{42 - 3w’ - EX]G'X +[_22{22 — 3t E.x)dx]

sx2 Y’ ax2)
dr-x3 20| | 2ox-x 3422
2 2 .

z

(LI

{[126 -27 -%J - (g4 -8- 10]}+{[44- B+10)-{-44+8+ 10]}}
{%— 56}+[46 " 26}]

ml~ ;]
r r 1

= E+?2
2

[ e
T

33 .
A =— 5q. units
2
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To area enclosed by

y=4x—x2

= —y=x2—4x+4—4
= —y+4-={x—2]2
= ey -1

and y = x% - x

3 (- =

Eguation {1} represents a parabola downward with vertex at [2,4) and mests
axes at (4,0),(0,0). Equation (2) represents a parabola upword whose vertex

is [%, —%J and meets axes at [lJD], [D, D}. Points of intersection of parabolas

are {0,0) and (E,E]
27 4

& rough sketch of the curves is as under: -

¥

Shaded region is required area it is sliced into rectangles with area = {yl —yz];\x. It slides from »x =0

tox:i, )
2

Required area = Region OQAP
5
A=Igys-yo)ix

125 .
A =—— 5. units
24
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Given curves are
z

Vo= 4y — &

= ly-s - ---()
and

y=x2—x

- ey

Equation (1) represents a parabola downward with vertex at (2,4) and meets axes

. . 1 1
at (4,0),(0,0). Equation (2) represents a parabola upward whose vertex is [E,— Z]

5 158 .
and mests axes at {1,0),{0,0) and [E’T]' A rough sketch of the curves is as under:-

Area of the region above x-axis



Ay = Area of region 08ACO
= Region OBCO + Region BACE

5
= [ayycx + [ {yy - yo)ax

5
=jé{4x—x2:]dx +]1§{4X—X2—X2+X)G"X
1 S
i _x3 . 5xZ 2x? |2

3 2 2
i 1

[5 J HHS 2254DJ'[§'§H

_ 125 11
24 6
121
=___ sq. units
24

Area of the region below x-axis

A, = Area of region OPED
= Region GBCO + Region BACSE

o
= ‘[Dl {xz - x:]dx‘

-[3-3)-w)

1 .
Az = 5 50, units

1211

A =S =

P
= Al:.vﬁ]z:E:i
24 24

= A A =121 4
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To find area bounded by the curve

y=po-1
1-x, ifx=<l - --f1)
T lkonifxzt - - -f2)

and y=3—|x|

T4, if w0 - --{3)
= ek ifxzo Sp—

Drawing the rough sketch of lines [1],[2] 1{3] and [4] as under:-

¥

A
Shaded region is the required area

Required area = Region AECD A

A = Region ABFA +Region AFCEA + Region COEC
=lﬂh‘i"z}dx"'lul{}ﬁ‘}ﬁ]dx+J?1{}”4‘}”3}dx

=]12{3—X—X+1}G"X+L:|1{3—X—1+X}G'X+]E|1{3+X—1+X}G"X

= [§ {4 - 2x ) + [g2dx + [0 [2 + 25 ) ax
= [4x—x2}f+ [2X]10+[2x+x2ﬁ1
-[fo- - (5~ 0]+ 12~ 01+ [()- (-2 4]

={4-3)+2+1

A =4 sq. unit
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ll};

la, da)

F=mx /

2

Area of the bounded region = =

2 Fl
= =_[aJ4a = i dx
12 3

& x¥ x?
— =g —-m—=
12 [ Ja ¥ 2
ps 2 3
a8 aE

12 3 2
m=2

12

-
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Any

(16a, 16a)

-

Area of the bounded region = 104

3
16
1024 - T -

1024 3
-|+Rg- @]
1024 (16a) x2 (16a)
3 3 48a
a=2

Note: Answer given in the book is incorrect.





