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Direction Cosines and Direction Ratios Ex 27.1 Q1

Let |, m and n be the direction cosines of a line.

l=cos90°=0
1
m=rcos 60° ==
2
n=cos30%= ﬁ
2
.~ The direction cosines of the line are O%TE
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Letthe direction cosines ofthe line be l,rm,n.

Here,
a=2,b=-1c=-2arethedirectionratios ofthe line.
=43 m=2 b n=+ C
yai+b?+c? JaZ+p?+c? JaZ+p?+c?
I= 2 .m= 1 .n= 2
V22+ -2+ -2 2Re-nP-2? T 2R - P (-2
|:L :__:l'ﬂ:__2
I R ]
2 1 2
|:_ = - — = - =
ERE L
. ) ) ) . 2 1 2
S Thedirectionratios ofthe line are FL —?, —?.
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Thedirectionratios of the line joining (— 2,4, —5)and (1, 2, 3) are,
(1+2,2-4,3+5=(3,-2,8)

Here,a=3,bh=-2,c=8

Direction cosines are

3 —2 8
V32+—2%+82 32+ (—22+82 324 (-2)%+82
_ 3 -2 8

V77 7T T
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Here&(2,3, -4, Bi{l,—2,3and C (3,8, — 11).
Directionratiosof AB=({1-2,-2-3,3+4)=(—-1,-5,7)
Directionratiosof BC=(2-1,8+2,-11-3)=(2,10, - 14

Here, the respective direction cosines of AB and ALC,

— _ 7 )
= 10 13 are proportional.

Also, Bisthe commaon point betweenthe two lines,
SThepoimsAa2,3, -4, B(1l, —2,2vand C(2,8, — 11)are collinear.
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A35, —4,Bi-112)andC(—-5,—-5,—-2)
Thedirectionratios oftheside AB=(—-1-3,1-5,2+4)
=(—4,-4,8)
Direction cosines of AB will be
-4 -4 =
Vim0t (-2+6% (92 (-a2+62 (-a2+(-97+6
- —4 -4 &
V68 68 V6B
- —2 -2 3
V17717717
Thedirectionratios ofthe sideBC={-5+1,-5—-1,—-2 -2}
=(—-4,-6,—-4)
Direction cosines of BCwill be
-4 -G -4

V92 + =82+ - a2 Y- a2+ -2+ (-7 Vi-a2+ (-6l +(-4?
_ -4 -6 -4

vee  EE JEB

_ -2 -3 -2

V17 Y17 17
Thedirectionratios ofthe sideAC={(-5—-23,-5-5,-2+4)
=(-8,-10,2)
Direction cosines of AC will be

-8 -10 2

Ji—eoZ+(—107+22 o2+ (- 107 +2% (-2 + (- 107 +2°
__ -8 -10 p

J168 " 168" 168
_ -4 -5 1

NN N
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Let, & be the angle between the wectars with direction ratios 5, &, ¢ and a,, &, &, then.

3 + Bybs + 0405

wee Vlr.:'.vf' + b7 +cf'vl'a§' +hi+ci
_ (1) {4 +{-2)(3) + [1}{=)
VL + (207 + (7 + (37 + (2)°
) 4-f4+2
T+ 4+1flB+o+ 4
_ 6-8
- JB-ET
0
Ny
cosgd =10
&= cos? [EI]
a=x
5
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Here, given that the direction cosines of the vectors are proportional to 2, 3, -6
and 3, -4, 5.

Therefore, 2, 3, -6 and 3, -4, § are the direction ratios of two vectors,

Let, & be the angle between two vectors having direction ratios 2, &, ¢, and
35, ba, C5 15 given by

3 + bybs + 0y

2,52, 2 |2, 412, 2
1Jl'.:'.~1+.":,|1+|:1.Ulr.:'.~2+."_:l2+c2

cosd =

_ (2)(3) + (3) (-4) + {-8) (5)
J2Y + (37 4 (6 J(3) + (-4 + ()]

6-12- 30
N4+0+364/0416 +25
G- 42
49450
= % (Rationalizing the denaminator)
_ 3642

70
-184y2
35

cosg =

cosd =

& =rcpst| 1222 1842
35
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The vectors, represented by these are

a3=2/+3] +6k
and5=f+25+2ﬁ2

Let, & be the angle between the lines,
then,

4
ol

=

cosd =

[T}
ol

{2?+3}+6£){f+2}+2£)
S + (2 + (6 I + @ + (2
@)+ )+ (8)E)

C Jatro+3eM1t 4+ 4

_2+6+12
RN
_ 20
C 7x3

cosd = %
21

20
& =rcos ==
21

. 20
Angle between the lines = cos ™ [E]
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we have, (2, 3, 4),{-1,-2,1) and (5,8, 7)
Let the points are 4, &, C respectively.

Position vector of 4 = 27 + 3] + 4&
Position vector of 8 = - -2 +&

Position vector of € = & + Elj + 7K

AE = Position vectar of & - Pasition vector of A

{—f—2j+.f<ﬂ)—{2f+3j+4.f5

=D k=Bl B =4

—_—

AB = -3 -5} -3k

E = Position vector of © - Position wector of &

5?+8}+?£)—(—?—2j‘+£)

5.'?+Elj+?.f2 +."ﬂ+2}—.f2

EC =6 +10] +6£

Ising AE and BC, we get

EC = -2 AB

So, BC is parallel to AE but £ is the common wvector,

Hence, 4, &, C are collinear
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line throught points (4, 7, 8 and (2, 3, 4)
x—4 :y—? :z—S _}x—4 _ v="7 _ z—8
2 4 4 1 2 2
line through the points (-1, -2, 1) and {1, 2, 3}

bl v el _}x+1 _yEk2 =zl
-2 —4 -4 1 2 2
the direction ratios are same for both the lines

.. they are parallel to each other
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Given,

Af1, -1, 2) and 8 (3, 4, - 2)
cfo, 3, 2) and D3, 5 6)

Direction ratios of line A&
3= 2, by =5 oy = -4

Direction ratios of line CD
52=3_| bz=2_, C2=4

We know that, lines are perpendicular if

dyds + blbz +CCe = ]

LHs=(2)(3) +(5)(2) + {-4)(4)
6+10-16
16 - 16
0

L LHS = RHE

Lines are perpendicular
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Here,

A [:I:IJ o, EI:] and & [2, 1, 1:]
C[BJ 5 - 1] and 9[4, 3, - 1]

Direction ratios of line A&
5‘1=2, |'!_T|1=1, C1=1

Direction ratios of line CO
35 =1, by=-2, cy=10

I

43y + Bybs + 0y

= @M+ -2+ (10
=Z-2+0

=0

Since, 3,3, + 5b, + o0 = 0, lines are perpendicular
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Given, that the direction ratios of lines are proportional to 2, b, ¢
and b-c, c-a a-h.

Let, x and ; be the vector parallel to these lines respectively, so

X = a.'ﬁ+.bj+c.f2
x-‘md,;=[b—c]f+[c—a]j+[a—b].f2

Let, & be the angle between x and ;, S0,

I

=

7]
af+bj+c§)[[b—c]f+[c—a]}+[a—b]§]

] Jaz+bz+ch[b—c]2+[c—a]2 +[a—b]2

cosd = —

—_— T

() (b -c)+bfc-a)+c(a-b)

w,lraz+.":.|2+62\sz+cz—Ebc+cz+az—2c:a+az+bz—Eab

ah - ac+bc -ba+ca-bo

cos8 =
u'raz + b2 +|:2~‘|r2.:'.~2 +2h% +2c% - 23b - 2hc - 203

cos8 =0
& =rcos ! (o)
6.7

2

Angle between the lines = %
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Here we have,
A[l, 2, 3:], .5[4,51?:], C[—ﬁh 3, —Eu] D[E, a, 2]

Direction ratios of 48
5‘1=3, bl=3, C1=4

Direction ratios of CO
‘52:6! t'z:E‘; C2=B

Let, & be the angle between A& and CO, =0,

S8 + hybs + oycs
Vlr.:'.vl?' +bi +c12\|'a§' + b2+t
(3)(6) + (3} (B) + () ()
JO) 7+ (4 flef + o)+ (8’
18+18+32

 Jor0+16+36+36+ 64
6%

NEENEL)

aa
Fe 20m
_ (at=]
Fd w2

coséd =

cosg =

cosé =1
& =rcos! (1)

& =0"

Therefore,
Angle between A8 and ¢ = 0O°
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The given equations atre

2m+E2ln—mu=10

I+m+an=0
—l=—imtni....... i1
23Im+?z|:mn—>f:ﬂ ............... P2
2imtai
putd=—(m+riin ( 2)
mn 2

——{mtui=————— —-2(mtnrl ==

2im+an)

—}»—EImz+n2+2mn|:mn—>lm2+n2+2mI:—%
0

—?»[mz +n2+2mn+%] =0 —}»[mz +n? +5an] =

—>|2m2+2n2+5mn|:0—>|2m+nnm+2n|:CI
b P P
—m=———3l=—|a-—|=—-=
2 ( 2] 2
—Sm=—2n—l=—I-2u+ni=2n

. s s . . b
Thus the direction ratios of two lines are proportional to — =

and 2, — 28, »

1 1
ie— —,—E,l and1,-2,1

Hence the direction cosines are
1 1

2
AN

and 1,-2,1
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Given that, f +m+n =10 ---fi)

fem?-n?=0 - - - i}
From equation [i),
."=—[m+r.-]

Put the value of / in equation (i),

[—[m+n]]2+m2—n2=ﬂ

Z_nf=n

Z_n?=0

z
[rr+n)" +m
z z
s+ R+ 2mn+
2+ 2mn =0

zmfm+n) =0

m=0, m+nhn=10
m=-randm =0

Put the value of m = -n in equation i)

t=-f-n+n)
H=0

Again put the value of /m =0 in equation (i)

t=-[m+n)
=-(0+n)
l=-n

Thus the direction ratios are proportional to
O,-n,krand-rn0n

= 0,-1,1and-1,0,1

So, vectors parallel to these lines are

3= Dxf—f+.f2 and b = —f+EI><j+.f2 respectively.



Let, & be the angle between the 3 and b

So, c059=£
2
5=Dxf—jﬂ+.f2 and E=—f+D><j+.f2 respectively.
I:Ix."ﬂ—j+.f2 = —f+Dx}+ﬁ<ﬂ
—— ) )
302+ (1) + () 2 07+ o)
_ @1+ (-1 (0)+ (1) (1)
Jlelfie1
=III+D+1
N2 %2
ad
2
5'=D:|5'1[i]
2
el
K]

So, angle between the lines = %
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Given that,
2 -m+2n=0 --- i}

mn+al +im=10 ———[ii]
From equation (i,

2 -m+2n=10
=21+ 2n

Put the value of rm in equation (i},
mn 4+l +im=10

(2/ +2n)n+nl +1(2/ +2r) =D
Zin+2n®+nl+212+2in=0

212 +8ln+2n =10

212 + 4ln+ I+ 2% = 0

2ft +2n)+n(f +2n) =0

[ +2n)(2/+n) =10

f+2n=0 or 2l+n=n0

f=-2n or I
2

Put the value of / = -2n in equation (i)

2 -m+2n=10
2{-2n)-m+2n=10
- -m+2n=0

-2h-m=0
-2h=m
m=-2n

&gain, put the value of / = —%n in equation [i}
2l -m+2n=10

1
2[—§n]—m+2n= ]

-h-m+2n=10
-m+hn=0
-m=-n



So, direction cosines of the lines are given by,

-2n, -2n, 1 oOr B

-2,-2,1 ar -
So, vectars parallel to these lines

=-21-2j+& and b = - %f + ] +k& respectively,

Let, & be the angle between = and B,

|:|:|55'=§><E
(2]
: [-2?-2}+£)><[-%?+}+£J
e
A3+ am- o0
) e
02
Ccos& = -
g5
2
cosgd =0
g = cos™! (0]
o-3

Angle between the lines = %
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Here,
f+2m+3nr =0

IHm-d4Iin+mn=0
From equation (i),

P+2m+3nr =0
= -2m-3n

Put the value of / in equation fii],
Idm-4ln+mn =0
3f-zm-3n)m-4(-2m-3n)n+rmn =10
-6 — 9nm + Brn + 127 +mn =0
—6m* +12n° =0
-6m® = —12n°
m? = 2n?

m = +4J2n°

o= a2 ar m= a2

Put m = nf2 in equation i)
f+2m+3n=0

|'I+2(ﬂq'f§)+3ﬂ=|:|

."+n(21"§+3)=lj
."=—(2\|'§+3)n

4gain, m = —y2n in equation i)

f+2m+3n=0
I+2(—ﬁn)+3n= 0
l-242n+3n=0
P+n(-22+3)=0

."=(2~.E—3)n



Thus, direction cosines of the lines are given by,

—(2ﬁ+3)n, ﬁm noar (E\E—B)n, —\En, "
[z 43, B1 or [2E-3) - R

So, vectors parallel to these lines are
. —(2\E+3)f+«ﬁj+ﬁ2 and b = (2«4‘5—3)?— \E}H;

Let, & be the angle between the lines,

then,
Ccosg = _.5 XE_.
1 %]
_ - {22 +3) x [24 - 3) + [VB) x [--&]) + (1) 1)
o7 e (B (o feB - 3+ BT e
) -f-9)-2+1
WB+0 4124242 +14B+0- 1242 +2+1
) -(-1)-2+1
) J2o+ 12220 - 1242
) 123
S T (T
cosd =10
§ = cos™? (0)
i
2

Angle between the lines = %
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The given equations are,
2d+2m-n=0..... [i]

mn 4+ In+lm=0....... [ii)

From[i), we getn =21 + 2m.
Puttingn = 21 + 2m in (i}, we get
m(2l + 2m) + {2 + 2m) +Im =0
=2m+2m?+ 242+ 2ml+lm =0
=2m* +5lm + +2F =0

=2m° +4m + Im+ 2* = 0
=[2m+1)[m+3A)=0

:~m=—|§ or m= -2

By putting m=—|§ in [i] wegetn =

By putting m=-J in (i) we getn = -2l

So direction ratios of two lines are proportional o

l, - l—, | and |, -21, -2 or, 1, —E,l and 1, -2, -2
2 2

S0, vectors parallel to these lines are
G-i-2j+kand B-1-25-5%
If 8is the angle between the lines, then 8 is also the angle between a and b.

CCGB=E: 5= 1+1-2 0

|‘5' |5| \,1+%+1~."1+4+9 )

= 6= cos ' [0) =

ra| =





