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Thedirection ratios of a line passingthroughthe points
(1,-L2)and (2,4, —2)are

2-14+1,-2-23

=(2,5, -4

Thedirection ratios of aline passingthroughthe points
(0,3,2)and (3,5,6) are

2-05-32,6—-2)

=(3,2,4

Angle betweenthe lines
(ayas+hybhy+yca)
Jari+by P+ %y + by + P
[2x3+5x2+(—4)xd]
V224524 (- 4232 +27+47
0
V224524 (—42y37+224 42

cosB =0

cosg =

cosg =

cosg =

2] :l
2
Thelines are mutuallyperpendicular.
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The direction ratios of aline passingthroughthe points
(4,7, 81and(2,2,4)are

4-2,7-3,E—4)

=2,4,4

The direction ratios of aline passingthroughthe points
(—1,—-2,Liand{l,2,5)are

(—1-1,-2-2,1-5)

=(—-2,—4,—4

The direction ratios are proportional.

Hence, the lines are mutuallyparallel.
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The Cartesian equation of aline passingthrough (xy,vy, 24)
andwith direction ratios (a;,by,cq)
R T A - |
a bl Cy
The Cartesian equation of aline passingthrough(— 2,4, —5)
¥x+3 _y—4 _ Z+8 i
5 &

and paralleltothe line s

X+2 _w—4 _ z+5
3 5 5]
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: , : X-S ¥+ 2 Xy _Z

Given equations of lines are ——="% _land =53

Clearly,

Fxl+{-5)x2+1x3

=/7/-10+3

-0

- Lines X-o _y+2_Z and 2-YX_Z are perpendicular to each other
h -5 1 1 2 3 '
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Thedirectionratios of aline joiningthe arigintothe point(2, 1, 1)
are(2-0,1-0,1-0=2,1L,1)

Thedirectionratios of aline joining (3,5, — Land 4,3, — 1)
arei(4-3,3-5,-1+1)=(1,-2,0

Angle betweenthe lines
jya+hhba+oycs
Jari+by P+ %y + by + P
2xl+1x=(—-29+1=0
Y22+ 1241312+ (-2)2+ 02
0
V645

cose =0

cosA =

cosA =

cosA =

~ng=1
2

Thelines are mutuallyperpendicular.
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Yectorequationof alineis

T=3+rb

The direction cosines of the ¥ —axis are (1,0,0). Equation of aline parallel
tothe ¥ — axis and passingthroughthe ariginis

T =(07 +0] +0k) +A(17 + 0] +0k)

T =Ai
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We know that, If @ be the angle between two lines r = 3, + &b, and r = &, + ’b,, then
coso - 21z (i)

22

Here, r= (4?—})+A(?+2j—2.ﬂ)

and, r= (?—j+2ﬂ)—y(2?+ 4}—4.&)

= §I=4?—j, EI=.I'+2}—2.E
ay=i-j+28 By =2+ 47 - 4K

B = 1) + (2 + (-2) = 3

e J{z}z A4 -6

Let & be the angle between given lines. So using equation [i],

CDSE=£
A
(?+2}-2E)(2?+4}-4ﬂ)
- 3.6
_2+8+8
IR

cos&e =1

g=0"
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We know that, angle between two lines r = 3, + 2b; and ¥ = 2, + &b, is given by

1oz ——-fi)
ARA

Given lines are,
r={ai+2j-4R)afi+2j+2R)

r={sj-2R)+ ufai+27 + k)

= EI=?+2}+2.E, E;=3?+2}+6.E

B = J1) +(2) + (2)° = 3

52 = (2 + 2)? + (8) = 7

Let & be the angle between given lines, so using egquation [i],

8 =cos! E
21
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we knaw that, angle between two lines r = 3 + &b, and r = a, + ib,, is given by

b, b, .
8= % - - -
cos |-":'1|Ibz| (i)

Equation of given lines are,
F=1(?+E+EE) and

F= 2}“+y[(ﬁ-1)?-(\5+1)}+4ﬂ]
= EI=(?+}+2E), E;=(ﬁ—1]?—(ﬁ+1)}+4.g

Let & be the angle between given lines, so using equation [i],

by by

COS 8 = —=—
2|
) (f+j+2ﬂ){(ﬁ—1)?—(v§+1)j+4ﬂg)
JoF @2 \I(ﬁ P B - 1) (4
) Fo1-F-1+18
JoaB+1-243+3+1 4243 + 16
6
- o6
|:|:|5l£"=l
2
o 7
3
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We know that, angle between two lines
Noxy _¥-¥W _Z-%

and KoXeg ¥-¥e_ ZI-Z
=i by =51 gz by Ca
is given by,
s + b + oy )
cOS6 = 13z + by by 152 ___m

.,JI[.:'.vl2 + blz + 1212 .Jrazz + bzz + 1222

Here, given lines are,
X+4=y—1=z+3 and x+1=y—4=z—5
K] g 4 1 1 2

= =3, b=5c=4a=1,b,=1c==2

Let & be the angle between given lines, so using equation {i],
() +(5)(1) + {4} 2)
Yl + (6 + (4" 1) + () 4 )

_3+L5+8

NCENG)

cosg =

16
1043
a3
cosgd = ——=

52

oot | B
& = Cos [5 \E]
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We know that, angle between two lines

Ho¥y _ ¥ _Z2-38

X=X - Z-Z
_ and z_¥-¥2_ 2

=i by =1 5] by Ca

is given by,
3. + BB + oy .
cOs & = 192 lb'Z 1-2 ___{|]

Z, 2,2 |2 z, 2
.UI[.:'.-1 +H°+ 5 .\Jlr.:'.v2 +h,5 +

Given, equation of lines are,
X—1=y—2=z—3 and x+3=y—5=z—1
2 3 -3 -1 a 4

= H=2,b,=3,c=-33=-1,b,=8c=4

Let & be the angle between two given lines, so using equation [i],

(2) (-1 +(3)(8) + {-3) (4]

cosge =
J2F (37 + (-3 -0 + (87 + (4
_-2+24-12
T T2l
cosge = 10
ay2z
_1f 10
& = cos [QEJ
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We know that, angle between two lines

ATl W 1 Wt HoXg ¥k -
=1 by =51 = by Ca
is given by,
3. + BB + oy .
cos g = 182 + 5By + €y ___m

Z, 2,2 |2 z, 2
.UI[.:'.-1 +H°+ 5 .\Jlr.:'.v2 +h,5 +

Given lines are,

5—x=y+3=1—z and X o1-¥

-2 1 3 3 -2 -1

x -5 3 -1 -1 L
et =}”+ =Z and £=,'r”_=2+

2 1 -3 3 2 -1
= =2, b;=1,c=-3,a=3,b,=2,c,=-1

Let & be the angle between given lines, so using equation [i],

@E+ME+ (=Y

cos g =
JV + (0 + (37 (3 + 2)7 + (1)
_ B+2+3
T
c:|:|5-5'=£
14
1111
g = cos {ﬁ]
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We know that, angle between two lines

¥ o-x - z-z
1_¥ ¥ _ ! and

=1 by =51 = by Ca
is given by,
Fyd= + b + oy
cosg = 13z + by by 152

z z z z z z
.u(al +H°+ 5 Jaz +h,5 +

Equation of given lines are,

x =2 +3 X+1 2y -3 -5
¥oe X ,Zz="5and -2 - =
3 -2 1 3 2
y-3
- X_2=y+3,z=5.and ¥x+1 3 _z-5&
3 -2 1 3 2
2
3
= al=3,bl=—2,cl=lil,az=1,bz=§,cz=2

Let & be the angle between given lines, so from equation [i],

B2 0

cos& =
ﬁfw#w#ﬁf{3+m2
_ 3-3+0
FE
cosd =10
°=3
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—5 2y+6 z— 2l ~6
x-5_2y+6 _=z 3311dx ~=y+1=z 6
1 -2 1 3 4 5
G=1-2j+kb=31+47+5k are the vectors parallel to above lines
- Qb
~.angle between ¢ and b — cos = ——
|
|£—lj+£|-|3f+4j‘+5£| Lk
cosf= ——— = ~3~~+:‘~~=":"
‘1’—3;’+kH1’—lj+k‘ ‘1’—3;’+k‘1’—lj+k‘

cosF=0—=F=00°
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x-2 -1 3
sl e BT g F T 5
2 7 -3 -1 2 4

1=20+7 ) 3k,b=-1 + 47+ 4k are the vectors parallel to above lines
N a-b

c.angle between ¢ and b — cos 8 = W

g

|l.t?+?j’—3§|-|—117+3j+4£|

cosfd = =0

(20 4773k |H| —n’+3j+4ﬁ&|‘
cogd =0 — f=90°
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We know that, angle (&) between two lines

HoHy _¥-¥V1_f£-8 and oKy _¥-o¥e Z-I
=i by =1 gz b, Cz

is given by,

3y + By by + 040

2 2 2 2 2 2
.ulf.:'.-1 +H°+ 5 .\Jlr.:'.v2 +h,5 +

cos & =

---()

Here, 3 =5, by=-12, ¢ =13
5'2=—3, bz=4,C2=5

Let & be the required angle, so using equation (i},

coeg = (5){-3) + (-12){4) + (13} {5)
\([5]2 +(-12)% + {13)* \({-3]2 (4 + (5
| -15-4B8+65
~ Jieoxz JoExz
2
T ESxz
cosgd = —
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We know that, angle [8) between lines

Xo—x - Z-Z Xo— X - Z-Z
1 _¥-¥ U and z_¥-¥z_ 2

=1 by =51 = by Ca
is given by,
a3z + by oy,

z z z z z z
\(al +H"+0 .Jaz +5° + oo

cosg =

---0)

Here, 3 =2,b,=2,=1
=4 by=10c,=18

Let 8 be required angle, so using equation (i),
(2){4) + (2} {1} + (1) (8)
Y(2)* + ()" + (1) ) + (07 + (3"

cosg =

_B+2+8
© a0
_ 118
27
c:|:|5-5'=3
3
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We know that, angle (&) between two lines

Hoxy _¥-¥n1_Z£-5 oKy _¥-o¥e -

= and = =
=i by &y 3z by T
is given by,
3. + by + oy )
cosg = 132 + by by 152 ___[I]

.,Jlf.s.-l2 + b12 + 012 Jazz + b22 + 022

Here, 3 =1 b,=2,c,=-2
F=-2,b,=2,c=1

Let & be the required angle, so using equation (i},
-2 21[2 -2]11
o BERR R

JOF + (27 + (2 f-2) (2 + (1)
—24+4-2
R

[l ]

cosgd =10

g =

ma| =
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a.boc mdb-c, c-a, a-b are direction ratios
these are the vectors with above direction ratios
x=al +hj+ck,y=(b-cii+(c-a|j+(a-bik
are the vectors parallel to two given lines
. angle between the lines with above
direction ratiog are x andy — cosf = ﬁ

ALY

|a.t"+bj+r:£|-|.b-c i+(c-a)j+(a-b k|

cosf= ——— ‘ ‘ :
‘Idf+bj+£‘le|b-le+|C-d|j+|d-b|k‘

_ alb-ci+bic-aj+cia-b)
mﬂa2+b2+c2\/|b-r:|2+u:-a P r(a-b)

. ab—ac+bc—ba+ca-ch .
MJub-c|2+uc-a Pyla-byi

cosfd=0—68=90"
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We know that, angle [8) between two lines

N=-—XNg ¥-¥es E-Zg

0

o _¥-¥_Z- 8

= and = =
=1 by =1 5] by Cz
is given by,
&y3- + b + oy
cos & = 192 1He T Cle

Vllaiz +5% 4o Jazz + b+ 02

Here, Direction ratios of first line is 2,2,1
= =2, b;=20c,=1

Direction ratios of the line joining (3,1,4) and (7,2,12) is given by
={?—3], [:2—1:], [:12—4:]
- 4,1,8

= ;=4 b,=1 =8

Let & be the required angle, so using equation (i},

cosd = (2}(4) + (2) (1) + (1) (8]
S+ (207 + (0 o+ (1) + (5
_ g+2+8
3.9
cosg = E
3

8 = cos™? E
3
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We know that equation of a line passing through [x,v,, z,) and direction ratics are
a,b,c iz given by
H=Hy ¥-¥ _£-24 ___{i]

a b o

Here, (x,¥1.2,)=(l2,-4)
and required line is parallel to the given line
x-3_y-5_z+1
4 2 3

= Direction ratios of the required line are proportional to 4,2, 3
= a=4i, b=24 c=34

S0, required equation of the line is
x-1 y-2 z+4
45 24 34

¥-1_y-2_z+4
4 2 3
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e know that, equation of a line passing through (x,,¥,, ;) and direction ratios are

-

a,b,cis given by
X=Xy _¥-¥i_Z-Z ___m

& b o

Here, (x,,¥.2z,)={-121)
and required line is parallel to the given line
2x-1 3y+5 2-z

4 2 3
1 =
_ Yoz Yrg ozop
2 2 -3
3
= Direction ratios of the reqguired line are proportional to 2,%,—3

= a=2ﬁjb=§ic=—3ﬁ

S0, required equation of the line using equation (i),
Xx+1_y-2_ z-1
24 2 —34
Zi
3

x+1 y-2 z-1
2 2 3

3
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we know that equation of & line passing through the point & and is the direction of
vector B is

F 34D ()
Here, a=2i-7+38

and given that the required line is parallel to
F={f-27+8)+ a2+ 35-5k)

= E=(2.'¢+3:}E—5E).#

S0, required equation of the line using equation i} is

F=(2?—3+3ﬂ)+£(2§¢+3}—5&).#

r= ( 2i-7+ 3&)+ﬁ'(2f+33—5ﬂ)
where A is a scalar such that 4 = Au
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W know that, equation of a line passing through [xy,y,, z;) with direction ratios
a,b, ¢ is given by
X=Xy _ ¥-¥y_Z2-4

& b o

S0, equation of required line passing through (2,1, 3) is

X—E_V—I_E—B L
a b c ()

Given that line Xl_l =Y ;2 = E;B is perpendicular to line (i), so

&8, + bb, +oe, =0

() {1+ )2+ (e)(3) = 0

a+2b+3c=0 ---{2)
X ¥z . _—
And line Z-5-¢ s perpendicular to line (i}, so

ad+ bbb +oc, =0

(2)(-3)+(B)(2) + () (5) = O

—Z8+20+G50 =0 ---{3)

Solving equation {2) and (3) by cross multiplication,

a : b _ c
@E-E06 GB0E-068 0E-30

- a b ¢
10-&6 -29-5 2+6
- a_b ¢
4 -14 8
a b c
= §=3=E=E[Sa}f]
= g=24 b=-71 =41

Using a,b,c in equation {i},
x-2_y-1_z-3
24 -4 4.4

X-2 y-1_ zZ-3
2 -7 4
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We know that equation of & line passing through a point with position vector @& and
perpendiculat to F = &, + 4B, and r = &, + b, is given by
F - &+ a{F <) (i)

Here, &= (f+}—3ﬂ)
and required line is perpendicular to
r =.?+/1(2.T+3'—3.E) and

F=(2.'ﬂ'+3—.ﬂ)+#(.'ﬂ'+3+.ﬂ)

Mo,

= o= o
|
Ly

;
b, b, = |2
1 1

=i{l+3) -2+ 3+ R2-1)
Ex@:ﬁ—S}hE

Using equation, required equation of line is

F =G+ A[B xB)
P (i i-R) e (4 57+ B)
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We know that equation of a line passing through {x,.y,,z;) and direction ratios as
a,b,cis given by
X=Xy _¥-¥y _Z-2 )

& b o

S0, equation of aline passing through (1,-1,1) is
x-1 yv+1 =z-1
= = 2
E b c (4)

Mow, Direcions ratios of the line joining A{4,3,2) and 8{1,-1,0)

=(1-4. (-1-3., (0-2)
= Cirection rafios of line A8 =-3,-4,-2

and, Directions ratios of the line joining C{1,2,-1) and 2(2,1,1)
=fz-1), {1-2), {1+1)

= Cirection ratios of line G0 =1,-1,2

Given that, line A8 is perpendicular to line (2], =0
3132 + blb'z + CICZ =0
(8} (-3) + (D) -+ (c)(-a) = O
Ba+4bh-2t =0
Za+db+ 20 =0 ---{3)

and, line COis also perpendicular to line (2), so
3132 + blb'z + CICZ =0
(A1) + -1+ () =0

a-b+2c=10 ———[4)

Solving equation (3) and {4 using cross multiplication,

& b c
@@-F@ ©E-GE BFY-@0
- a b c
8+2 2-6 -3-4
o

= a=104, b=-41%, c=-71
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We know that equation of a line passing through a point (x,y,,z,] and direction ratios
a,b,c iz given by
X=Xy _¥=-¥y_Z-Z4

a b o

So, equation of required line passing through (1,2,-4) is

X—l_y—2_2+4 L
a b ¢ ()

¥-B y+3 z-10
-16 7
& +hb +oic, =0

Given that, line is perpendicular to line {1}, so

= (@E+B18+)7) =0
=  Ba-16b+7c=0 S

¥-15 y-29 z-
g -5
ad, + bbby + oo, =0

alzo,  line

> is perpendicular to line {1}, so

= (3A+E)E) + (-5} c) =0
= Za+8h-5c=0 ----{3)

Solving equation {2) and {3} by cross-multiplication,
b

FEE-B0 BO-605 BG-G9

- a b __c
B0-5& Z1+40 &4+48

= i=£=i=ﬁ{5w]
24 &1 112

= a=244, b=0614, c=1124

Puta,b,c inequation (1) to get required equation of the line, so
x-1 _y-2 z+4
241 eld 1124

x-1 y-2 z+4
= = B

24 61 112
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Equation of lines are,
¥-5 y+2 Z

Mow, &8+ bbb, +o0

=0+ RE+16E
- 7-10+3
-0

S0, diven lines are perpendicular,
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we know that, equation of aline passing through the paint [Xl,yl,zl:] and directian
ratios 3,b,c is given by
X=Xy _¥-¥_Z-2; ___[1]
a ] c

So, equation of line passing through (2,-1,-1) is
¥-2 ¥+l z+1 ___{2]
3 ] c

Line [2) is parallel to given line,

B -2=3w+1=2z-2

fx-2 3Sy+1 Hdz-2

So,2=31,b=2% c=31

Using &, b,c in equation {2] to get required equation of line,

-2 ¥+l z+1

A 24 33

¥-2 ¥+l z+1
1 2 3

=1 [say)

= ¥=A4+2, ¥v=21-1 z=34-1

S0,
xi+y]+zl = {A+2]?+[2A—1]j+[3i—1]ﬂ

F= (2?-}-9)+A(?+2}+3E)
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The direction of ratios of the lines, . : :
-3 2k 2 3k ] -3
—3, 2k, 2 and 3k, 1, —5 respectively.
It is known that two lines with direction ratios, a1, &1, 1 and az, bs, 3, are
perpendicular, if 3187 + biby + c1c2 = 0

3{3&} + 2k =14 2{ 5]:l}

= -9k +2k-10=0

Il
Il
w
]
o
Il
Il
-
w
=
m

= Tk =-10
—10
= k=—
0 : _ :
Therefore, fork = T,the given lines are perpendicular to each other.
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The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7}, {(—4, 3, —86), and

{2, 9, 2) respectively.

The direction ratios of AB are {4 — 1) =3, (5 —2) =3, and (¥ — 3) = 4

The direction ratios of CD are (2 —(—4)) =6,(9—-3) =6, and (2 —(—-6)) =8
a b ¢

It can be seen that, —=—=—=—
a, b, ¢ 2

Therefore, AB is parallel to CD.

Thus, the angle between AB and CD is either 0° or 180°.
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Given equation of line are,
¥-5 _2-y 1-2z

arnd
SitZz S )
X _2y+1 _1-2
1 41 -3
x=-5 y-2 z-1
=~ Birz | 1 ---(1)
Y+ _
and, X-_2_.2-1 )

Given thatline (1) and [2) are perpendicular,

S0, &d+bb+ce,=0
[Si+2) (1) +([-5)(2) + [1){3) =0
A+ Z2-104+32=0

_5i+5=0
i=2

5
i=1
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The direction ratios of the line are
¥+2 _ 2y—7 _5-=¢

2 6 6
2,6,6

The direction cosines of the line are

2 2
| = =
y22+6l+6? V7B
- 6 _ 6
y22+ei+62 V76
- 6 _ 6
y22+62+62 V76

{2 = 6}
V78 76 T8

SWectorequation ofthelineis

>
F=(-7+2]+3K)+A27 +6] +6K)





